STABLY CAYLEY GROUPS OVER FIELDS OF 
CHARACTERISTIC 



M. BLUNK, M. BOROVOI, B.E KUNYAVSKII, N. LEMIRE, AND Z. REICHSTEIN 



Abstract. A linear algebraic group G is called a Cayley group if it ad- 
mits a Cayley map, i.e., a G-equivariant birational isomorphism between 
the group variety G and the Lie algebra Lie(G). A Cayley map can be 
thought of as a partial algebraic analogue of the exponential map. A 
prototypical example is the classical Cayley map for the special orthog- 
onal group SO n defined by A. Cayley in 1846. A fc-group G is called 
stably Cayley if G x u &m is Cayley for some r > 0. Over an algebraically 
closed field of characteristic 0, Cayley and stably Cayley simple groups 
were classified by N. Lemire, V. L. Popov and Z. Reichstein in 2006. 

In this paper we study reductive Cayley groups in the case where fc is 
an arbitrary field of characteristic zero. The condition of being Cayley 
is considerably more delicate in this setting. For example, an algebraic 
fc-torus is Cayley if and only if it is fc-rational. Our main results are 
a criterion for a reductive fc-group G to be stably Cayley, formulated 
in terms of its character lattice, and the classification of stably Cayley 
simple (but not necessarily absolutely simple) groups. 
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1. Introduction 

Let k be a field of characteristic and G be a connected linear algebraic 
fc-group. We say that a birational isomorphism (j): G — » Lie(G) is a Cayley 
map if it is equivariant with respect to the conjugation action of G on itself 
and the adjoint action of G on its Lie algebra Lie(G), respectively. 

A Cayley map can be thought of as a (partial) algebraic analogue of the 
exponential map. A prototypical example is the classical Cayley map for the 
special orthogonal group SO„ defined by A. Cayley in 1846 [Ca| : cf. [LPR, 
Introduction]. We say that G is a Cayley group if it admits a Cayley map. 
We say that G is stably Cayley if G G r m is Cayley for some r > 0, where 
G m denotes the multiplicative group. In the case where k is algebraically 
closed, Cayley and stably Cayley groups were studied in [LPR] . 

Example 1.1. If /c is algebraically closed and G be a reductive /c-group then 
by [LPR} Theorem 1.27] G is stably Cayley if and only if its character lattice 
X(G) is quasi-permutation; see Definition 12.11 Here X(G) is the character 
lattice of a maximal torus T of G, with the natural action of the Weyl group 
W = W(G,T) of G. 

In this paper we will focus on the case where k is an arbitrary field of 
characteristic 0. The following "toy" example illustrates how much more 
intricate the notions of Cayley and stably Cayley group become in this 
situation. 

Example 1.2. Let T be a fc-torus of dimension al. By definition, T is 
Cayley (respectively, stably Cayley) over k if and only if T is fe-rational 
(respectively, stably fc-rational) . If k is algebraically closed, then T ~ G^, 
hence T is always rational, and thus always Cayley. 
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There is a well-known criterion for stable rationality of T in terms of its 
character lattice X(T) |V21 Theorem 4.7.2]: T is stably rational if and only 
if the character lattice X(T) is quasi-permutation (see Definition 12.1ft . Note 
that the term "character lattice" has a different meaning here, compared to 
Example 11.11 it is the lattice of characters of T with the natural action of 
the absolute Galois group Gal(fc). 

It has been conjectured that every stably rational torus is rational. To the 
best of our knowledge, this conjecture is still open, and there is no simple 
lattice-theoretic criterion for the rationality of T. 

Our first main result, Theorem 11.31 below, is a common generalization 
of Examples 11.11 and 11.21 We begin by defining the character lattice of a 
reductive fc-group G in a way that bridges the special cases considered in 
these two examples. Let T C G be a maximal torus of G and k he & fixed 
algebraic closure of k. We set G = G x k k, T = T x k k. Consider the 
character group X(T) of T and the Weyl group W = W(G,T) C AutX(T). 
Choose a Borel subgroup B C G containing T. This choice of B defines 
a basis A of the root system R = R(G,T). We obtain a homomorphism 
(*-action) 

Gal(fe/A;) Aut(X(T),R, A) c AutX(T), 

see [H §2.3], or [Spl, §3.2], or g322 below for details. Let Ay denote the 
image of this homomorphism in AutX(T), it is nontrivial if and only if 
G is an outer form (of a split group). The finite group Ay normalizes 
W C AutX(T), and we can define a group T := W X Ay C AutX(T). 
The pair (T,X(T)) does not depend on the choice of T and B (up to an 
isomorphism), see N3.6I below. We say that (T,X(T)) is the character lattice 
X(G) of G. 

Equivalently, X(G) is the character lattice of the generic torus T gen of G; 
this torus is defined over a certain transcendental field extension K gcn of k, 
see [V2l §4.2] for details. 

Informally speaking, we think of the Weyl group W as "the geometric 
part" of T, and of the image Ay of Gal (£;/&;) under the *-action as "the 
algebraic part" . In this sense Examples 11.11 and 11.21 represent two opposite 
extremes, where the group T is "purely geometric" and "purely algebraic" , 
respectively. As we pass from a reductive group G to its generic torus T gen , 
the geometric part migrates to the algebraic part, while the overall group T 
remains the same (but now entirely algebraic). 

With these preliminaries out of the way, we are ready to state our first 
main theorem. 

Theorem 1.3. Let G be a reductive k-group. The following are equivalent: 

(a) G is stably Cayley; 

(b) for every field extension K/k, every maximal K -torus T C Gk is 
stably rational over K; 

(c) the generic K gen -torus T gen of G is stably rational; 
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(d) the character lattice X(G) = (T,X(T)) of G is quasi-permutation. 

Next we turn our attention to classifying stably Cayley simple groups. For 
an algebraically closed base field k this was done in jLPR} Theorem 1.28]. 
In this paper we will use Theorem 11.31 to prove the following classification 
of stably Cayley simple groups over an arbitrary field of characteristic 0. 

Theorem 1.4. Let k be a field of characteristic and G be an absolutely 
simple k-group. Then the following conditions are equivalent: 

(a) G is stably Cayley over k; 

(b) G is any k-form of one of the following groups: 

SL3, PGL n (n = 2 or n > 3 odd), SO n (n > 5), Sp 2n (n > 1), G2, 
or an inner k-form o/PGL n (n > 4 even). 

Theorem 1.5. Let G be a simple (but not necessarily absolutely simple) 
k-group over a field k of characteristic 0. Then the following conditions are 
equivalent: 

(a) G is stably Cayley over k; 

(b) G is isomorphic to Ri/k(G$), where l/k is a finite field extension and 
Go is either a stably Cayley absolutely simple group over I (i.e., one 
of the groups listed in Theorem 11.4( b)) or an outer l-form 0/SO4. 

Here Ri/k denotes the Weil functor of restriction of scalar s. 

A key consequence of Theorem 11.31 is that, for a reductive A;-group G, 
being stably Cayley is a property of its character lattice. If k is algebraically 
closed, then the property of being Cayley (and not just stably Cayley) also 
depends only on the character lattice of G; see [LPR, §3.1]. However, if k 
is not assumed to be algebraically closed, the following example shows that 
this is no longer the case. 

Example 1.6. Let T be a 2-dimensional A:-torus such that the image of 
the natural map Gal(fc) — > Aut(X(T)) = GL<2(Z) is isomorphic to W(Gs2) = 
S3 x S2. Note that such tori exist over some fields k of characteristic 0; 
see |V2j. Example 4.9.7]. Let G be a split group of type G2 over k. 

Then T and G have the isomorphic character lattices; both T and G 
are stably Cayley. Since every 2-dimensional /c-torus is fc-rational (see \V2\ 
Example 4.9.7]), T is Cayley over k (cf. Example ll.2|) . On the other hand, 
by a theorem of V.A. Iskovskikh, G2 is not Cayley over k (not even over k); 
see [LPRl Proposition 9.10]. □ 

Informally speaking, the character lattice of T is "purely arithmetic" and 
the character lattice of G2 is "purely geometric". Theorem 11.31 tells us that 
this distinction does not matter if we only want to know whether or not our 
groups are stably Cayley. Example 11.61 tells us that it does matter when 
"stably Cayley" is replaced by "Cayley". 

We do not know if there are similar examples where both groups are 
semisimple. Nevertheless, the problem of classifying Cayley simple groups, 



STABLY CAYLEY GROUPS 



5 



in a manner analogous to Theorems 11.41 and 11.51 appears to be out of reach 
at the moment. In particular, we do not know which (if any) outer forms of 
PGL n are Cayley for any odd integer n > 3. 

The rest of this paper is structured as follows. $21 £j3] and $4] are devoted 
to preliminary material on quasi-permutation lattices, algebraic groups over 
non-algebraically closed fields, and (G, 5)-fibrations, respectively. These 
results are then used in the proof of Theorem 11.31 in $5j Theorem 11.41 is an 
easy consequence of Theorem 11.31 and previously known results on character 
lattices of absolutely simple groups from [CK] and [LPR] ; the details of this 
(short) argument are presented in £}6j 

The proof of Theorem 11.51 relies on new results of character lattices and 
thus requires considerably more work. After passing to the algebraic clo- 
sure k, we are faced with the problem of classifying semisimple stably Cayley 
groups of the form G = H rn /C, where H is a simply connected simple group 
over k and C C H m is a central subgroup. Our classification theorem for 
such groups is stated in £J7J see Theorem 17.11 The proof of Theorem 17. 1| 
based on case-by-case analysis, occupies §£|8HT5l In CTBl we deduce Theo- 
rem [L5] from Theorem 17.11 by passing back from k to k. 

2. Preliminaries on quasi-permutation lattices 

Let r be a finite group. By a T-lattice we mean a finitely generated 
free abelian group M viewed together with an integral representation T — > 
Aut(M). We also think of M as of a Z[T]-module; by a morphism (or 
exact sequence) of lattices we mean a morphism (or exact sequence) of Z[T]- 
modules. When we write just "lattice", rather than 'T-lattice", we mean a 
T-lattice for some finite group T. 

Now let k be a field, T sp \ = be the split <i-dimensional fc-torus, T be a 
finite group. By a multiplicative action of a finite group T on T sp \ we mean 
an action by automorphisms of T sp \ as an algebraic group over k. Recall 
that the following objects are in a natural bijective correspondence: 

(i) T-lattices of rank d (up to isomorphism); 

(ii) integral representations 4>: T — > GL^(Z) (up to conjugacy in GL^(Z)); 

(iii) multiplicative actions T — > Aut grp (T sp i) (up to an automorphism of 
T sp i as an algebraic group). 

A T-lattice L is called permutation if it has a Z-basis permuted by T. Two 
T-lattices L and V are called equivalent, written L ~ L', if there exist short 
exact sequences 

O^L^E^P^O and 

with the same T-lattice E, where P and P' are permutation T-lattices. Tor a 
proof that this is indeed an equivalence relation, see |CSH Lemma 8]. Note 
that if there exists a short exact sequence 
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where Q is a permutation T-lattice, then the trivial short exact sequence 

shows that L ~ L' . In particular, if P is a permutation T-lattice, then the 
short exact sequence 

shows that P ~ 0. Note that if T-lattices L, L', M, M' satisfy L ~ V and 
M ~ M' then L © M ~ U © M'. 

Definition 2.1. A T-lattice L is called quasi-permutation if it is equivalent to 
a permutation lattice, i.e., if there exists a short exact sequence 

O^L^P^P'^0, 

where both P and P' are permutation T-lattices. 

We say that a faithful T-action on an algebraic variety X, defined over 
k, is linearizable (respectively, stably linearizable) if X is T-equivariantly bi- 
rationally isomorphic (respectively, T-equivariantly stably birationally iso- 
morphic) to a finite-dimensional /c-vector space V with a linear T-action. 

Remark 2.2. By the no-name lemma any two faithful linear actions of a finite 
group r on A:-vector spaces V\ and V2 are stably T-equivariantly birationally 
equivalent; see, e.g., [LPR, Lemma 2.12(c)]. This makes stable linearizability 
a particularly natural notion. 

Lemma 2.3. Let L be a Y -lattice, and let Tl be the associated split k-torus 
with multiplicative T -action (i.e. X(Tl) = L ). 

(a) If L is a permutation lattice then the Y -action on is linearizable. 

(b) L is quasi-permutation if and only if the T- action on Tl is stably 
linearizable. 

Proof, (a) Suppose L ~ Z[S] for some finite T-set S. Let V be the fc-vector 
space with basis (e s ) sg s. Then V carries a natural (permutation) T-action. 
The morphism T — > V given by 

t ^^2s{t)e s 

is easily seen to be a T-equivariant birational isomorphism. 

(b) Let P be a faithful permutation T-lattice (e.g., P = Z[T]). Let V 
be the linear representation of G constructed in part (a). It now suffices to 
show that the following conditions are equivalent: 

(i) L is quasi-permutation, 

(ii) L ~ P, 

(iii) Tl and Tp are T-equivariantly stably birationally isomorphic, 

(iv) Tl and V are T-equivariantly stably birationally isomorphic, 

(v) Tl is stably linearizable. 



STABLY CAYLEY GROUPS 



7 



Indeed, (i) and (ii) are equivalent by Definition 12.11 (ii) and (iii) are equiv- 
alent by [LI4 Proposition 1.4]; note that, in the terminology of [LL, §1.4] 
k{L) is precisely the field of rational functions of Tl. 

In the proof of part (a) we showed that Tp and V are T-equivariantly 
birationally isomorphic. Consequently, (iii) is equivalent to (iv). Finally, 
(iv) ==> (v) by definition, and (v) ==> (iv) by the no-name lemma; see 
Remark E2 □ 

Lemma 2.4 (cf. |LPR] . Proposition 4.8). Let W±, . . . , W m be finite groups. 
For each i = 1, . . . ,m, letVi be a finite- dimensional ^-representation ofWi. 
Set V := V\ © ■ ■ ■ © V m . Suppose L C V be a free abelian subgroup, invariant 
under W := W\ x • • • x W m . 

If L is a quasi-permutation W -lattice, then Li := L C\Vi is a quasi- 
permutation Wi-lattice, for each i = 1, . . . ,m. 

Proof. It suffices to prove the lemma for i = 1. Set V := V/V± = V2 © 
• • • © V m and L' = LjL\ C V . Then W\ acts trivially on V' and on L', in 
particular, V is a permutation V^i-lattice. It follows from the short exact 
sequence of Wi-lattices 

O-tLx-tL-tL'-tO 

that the Wi-lattices L\ and L are equivalent. 

Now assume that L is a quasi-permutation VF-lattice. Then it is a quasi- 
permutation M^i-lattice, and hence so is L\. □ 

Lemma 2.5 (cf. [LPR], Lemma 4.7). Let W\, . . . , W m be finite groups. For 
each i = 1, ... ,m, let Li be a Wi-lattice. Set W := W\ x • • • x W m and 
construct a W -lattice L := L\ © • • • © L m . 

Then L is a quasi-permutation W -lattice if and only if Li is a quasi- 
permutation Wi-lattice for each i = 1, . . . , m. 

Proof. The "if assertion is obvious from the definition. The "only if" as- 
sertion follows from Lemma 12.41 □ 

Lemma 2.6. Let T be a finite group and L a T-lattice of rank 1 or 2. Then 
L is quasi-permutation. 

Proof. This is easily deduced from \V2\ §4.9, Examples 6, 7]. □ 

3. Algebraic groups, their automorphisms and character 

lattices 

3.1. Let G be a split connected reductive group over a field k. Let T C G 
be a split maximal torus of G. Let ^f(G,T) be the root datum of (G,T). 
This means that 

^(G,T) = (X,X v , J R,i? v ), 

where X = X(T) is the character group of T, X v = Hom(X, Z) is the 
cocharacter group of T, R = R(G,T) C X is the root system of G with 
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respect to T, and R C X is the coroot system of G with respect to T, see 



SpTJ §1.1] or [Sp2j §7.4] for details. 

Let B C G be a Borel subgroup containing T. Let 3(G, T, f?) be the 
6ased root datum of (G,T, B). This means that 

3(G,T,B) = (X,X v ,i?,i? v ,A,A v ), 

where X, A v , R, R v are as above, A C R is the basis of defined by B, and 
A v C R v is the corresponding basis of R v , see Spl[ §1.9] for details. 



Let Z = Z(G) be the center of G. We set G ad = G/Z, T ad = T/Z C G ad . 
We identify G ad with the algebraic group of inner automorphisms Inn(G) 
of G. If g G G ad (fc) (or g € T ad (/c)), we write inn(<7) for the corresponding 
inner automorphism of G. The group G ad (k) acts on the set of pairs (T,B) 
by (g, (T,B)) >— > (xan(g)(T),inn(g)(B)). It is well known that this action is 
transitive and the stabilizer in G ad (k) of a pair (T,B) is T ad (/c). 

We define the canonical based root datum H(G) as follows (see also \Ko\ 
1.1, 1.2]). For any pair (T,B) as above we consider T, B). If (T',B') 
is another such pair, then there exists an element g G G ad (k) such that 
(T',B') = inn(g)(T, B), and so we obtain an induced isomorphism 

inn( 5 )*: ~(G,T',B')^H(G,T,£). 

This isomorphism does not depend on the choice of g (because the coset 
Tg is uniquely determined), and therefore allows us to identify E(G,T,B) 
and E(G,T' , B'). We identify the based root data E(G,T,B) for all such 
pairs (T,B) and obtain a canonical based root datum H(G). We write 
3(G) = (X, X v , R, R v , A, A v ). Then, in particular, we obtain the canonical 
root system R(G), the canonical Weyl group W(G) := W(R(G)), etc. 
We define a canonical homomorphism 

Aut *(G, T) -)■ Aut 3(G) 

as follows. 

Choose a Borel subgroup B C G containing T, it defines a basis A of 
R = R(G, T). Let v G Aut *(G, T), then the set u(A) is a basis of R. Since 
the Weyl group W = W(R) acts simply transitively on the set of bases of 
R (cf. [Bou, §VI.1.5, Thm. 2(i)]), there exists a unique w G W such that 

(3.1) w(v(A)) = A. 

We obtain an automorphism 

<p 9 (v) :=wov: E(G,T,B) -> E(G,T,B). 

Thus we obtain a homomorphism 

^ : Aut ^(G, T) -> Aut 3(G, T, 5) = Aut 3(G). 

We show that this homomorphism does not depend on the choice of a Borel 
subgroup B containing T. Let B' C G be another Borel subgroup containing 
T, it defines a basis A' of R and a homomorphism 

(/4: Aut#(G,T) Aut3(G,T,B / )- 



STABLY CAYLEY GROUPS 



9 



Choose n G N G (T) such that uBn,- 1 = B', then A = n*(A'). From (pTTjl 
we obtain 

(woDon'jfA') =n*(A'), 
(n^owo^on^A') = A', 
n* _1 <^(t>) n* = <p'y(v). 

Since we identify H(G, T, 5) and H(G, T, B) via n*, we see that (pm and 
give the same homomorphism Aut ^f(G, T) — > Aut H(G). 

We have shown that the homomorphism tpy does not depend on the choice 
of a Borel subgroup B containing T. If we choose such a Borel subgroup, 
we obtain a splitting (homomorphic section) of ipy 

ipy. Aut S(G) ->■ Aut ^(G, T), 

because Aut H(G, T, 2?) C Aut^G, T). Thus we obtain a split short exact 
sequence 

1 -»• W -»■ Aut *(G, T) -> Aut H(G) -> 1. 

Let A C AutS(G) be a finite subgroup. Set T = ip^{A), then W C T C 
Aut ^(G,T). We have a split exact sequence 

This exact sequence does not depend on the choice of a Borel subgroup 
B D T. After we choose such a subgroup 5, we may set A-q, = tp^(A) C T. 
We have 

WnA* = 1, W- A* = T. 
The group A\j acts on W by conjugation, and we may write 

T = W x A*. 

3.2. Let G be a connected reductive group over an algebraic closure k of 
A;. We denote by SAut(G) the group of kj A;-semi-automorphisms of G. For 
a definition of semi- automorphisms see |Brvl §1.1] (where they are called 
semialgebraic automorphisms) or [FSSJ §1-2] (where they are called semilin- 
ear automorphisms). If G is a /c-form of G, then any element a E G&l(k/k) 
defines a a-semi-automorphism : G — > G, and any semi-automorphism 
of G is of the form a = a o cr* where cr S Gal(fc/fc) and a: G — > G is a 
A;-automorphism of the /c-group G. 

Since the group SAut(G) acts on G, it acts on the canonical based root da- 
tum S(G). We will now describe this action explicitly. Fix (T,B) as above. 

Let a G SAut(G), then there exists g G G ad (fe) such that inn(g) -1 (a(T), a(B)) = 
(T, B). Set = inn(^) -1 o a, then 

a = inn(g) o a T 5 , 
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where g € G ad (fc) and -g stabilizes the pair (T, B). The semi-automorphism 
of G defines a semi-automorphism of T depending only on a (since the 

coset T ad g -1 is uniquely determined). Denote by <p(a) the inverse of the 
automorphism of X = X(T) induced by -g, then (/9(a) takes i? = i?(G, T) 
to itself and permutes the elements of the basis A of R defined by B (since 
cfcp^g takes B to itself). We obtain an automorphism 

ip(a): E(G,T,B)^E(G,T,B), 
depending only on a. Thus we obtain a homomorphism 

(3.2) if : SAut(G) ->• Aut 5(G, T, B) = Aut 3(G). 
Let (t',b') be another pair as above. We may write 

(T',B')=mn(u)(T,B), 

ac [ _ 

where u € G (k). We write 

a = inn((/) cfcf 5 =hm(g) o (a^^ inn(u) (hp 1 ^) inn(u) -1 o inn(u) a^-g inn(u)" 

=inn(g r -g-(ii) u~ ) o inn(-u) a^-g inn(w) - . 
Set g' = ga7p-g(u) u^ 1 and 

(3.3) a^/ -g' = inn(u) aTp-g-inn(n) -1 . 

Then a = mn(g') o a^' -g-' and chp' -^>(T ,B ) = (T , B). We denote by (p'(a) 

the inverse of the automorphism of X' = X(T ) induced by <bf-g', then we 
obtain a homomorphism 

y/: SAut(G) -»• Aut E(G,t',b') = Aut 3(G). 

It follows from f)3.3[) that the homomorphisms 93 and </?' coincide (because 
we identify E(G,T, B) and E(G,T ,B) via inn(w)). 

3.3. Let a triple (G,T,B) be as in 13.11 i.e. G is a spZii connected reductive 
k- group, T C G a split fc-torus, and B C G a Borel subgroup containing 
T. Composing the embedding Aut(G) =— )■ SAut(G) with the homomorphism 
(|3.2p . we obtain a canonical homomorphism 

A: Aut(G) -)■ Aut 3(G) = Aut 3(G). 

By a pinning of (G, T, 5) we mean a choice of a nonzero A" a C a for each 
a € A, where 

Lie(G) = Lie(T) © 0Q 

is the root decomposition, and A is the basis of R = R(G, T) associated 
with B. By the isomorphism theorem, see [SGA 3, Expose XXIII, Thm. 4.1] 
or [Cot Proposition 1.5.5], there is a canonical isomorphism 

Aut 3(G) 3- Aut(G, T, B, (X Q ) aeA ), 
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which gives a splitting (homomorphic section) ip: Aut 5(G) — > Aut(G) of 
the homomorphism A. We obtain a split exact sequence 

1 -> Inn(G) -> Aut(G) Aut 5(G) -»• 1. 

Let A C Aut 5(G) be a finite subgroup. Set M = \~ l (A) C Aut(G). We 
have a split exact sequence 

1 -> Inn(G) ->■ M ->■ A ->• 1. 

Choose T, 5, and a pinning of (G, T, £?), then we set A G = ip(A) C M. We 
have 

Inn(G) n Aq = 1, Inn(G) • A G = M. 

The group Aq acts on Inn(G) by conjugation, and we have 

M = Inn(G) x A G . 

We identify E(G,T,B) with 5(G) and denote by 

A^ c Aut S(G, T, B) c Aut *(G, T) 

the subgroup corresponding to A C Aut 5(G). Let L = Stabjvf(T) = A ad x 
A G , where A ad = Stab Gad (T). Then L D T ad = T/Z{G). The group L acts 
on the pair (G, T), and L/T ad acts on ^(G, T), and these actions induce an 
isomorphism Aq —> A^,. We have 

L/T ad = (A ad x A G )/T ad = (A ad /T ad ) x A* = W x A*. 

3.4. Let G be a connected reductive fc-group, not necessarily split. Then 
any a G Gal(fc//c) defines a u-semi-automorphism : G — > G, so we obtain 
a canonical homomorphism 

Gal(jfe/Jb) -»• SAut(G). 

Composing this homomorphism with (|3.2p . we obtain a canonical homomor- 
phism 

/3: Gel(k/k) ->• Aut 5(G). 

We denote by A the image of /3, it is a finite subgroup of Aut 5(G). 

We write 5(G) = (A, X v ,R, R v , A, A v ), thenwe set ^(G) = {X,X V ,R,R V ). 
We have the Weyl group W = W(R) C Aut ^(G), and we have a subgroup 
Aut 5(G) C Aut^(G). Since any element of Aut 5(G) takes A to itself, 
and Stab^(A) = {e}, we have W fl Aut 5(G) = {e}. Since W is a normal 
subgroup of Aut^(G), the group Aut 5(G) normalizes W and acts on it. 
We have 

Aut \P(G) = W • Aut 5(G) = W x Aut 5(G). 
It follows that T^nA = {e}, A normalizes W and acts on it. We set 

T = W-A = WxA, 
then T C Aut^(G) C Aut (A). 
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Definition 3.5. For a connected reductive fc-group G with canonical root 
datum S(G) = (X, X v , R, R y , A, A v ) we call the character lattice of G the 
lattice X(G) := X with the action of the finite group T = W x A as above. 

3.6. We write the definition of the character lattice of a connected reductive 
/c-group G in a simple language. 

We start from a maximal torus 7 C G, defined over k. We have the usual 
action of the Galois group 

PT : Gal{k/k) -> Aut *(G,T) C Aut(X(T)), 

where 9(5,7) = (X,X V ,R, i? v ). Since W := W(S,T) is a normal sub- 
group of Aut ^(G, T), the product 

Y*]H := ■ impT 

is a subgroup of Aut^(G, 7) and, hence, of Aut(X(T)). 

Now choose a Borel subgroup B D T in G, it defines a basis A C i?(G, T). 
For any a € Gal(fc/fc) there exists a unique w G W such that w(pr {&)(£)) = 
A. Set /3(<x) = w o Pt(ct) € Aut(X(T)), then we obtain a homomorphism 

/3 = /5 T3 : Gal(fc/fc) -> Aut(X(T)). 

Set 

T T ^ := VP • im/3 T5 = 1^ x im /3 T ^ C Aut $(G,T). 

It follows from the definitions that 

L T,B ~ 1 T, 

in particular, the group T T -g C AutX(T) does not depend on the choice of 
a Borel subgroup B D 7. 

Now let 7' C G be another maximal torus defined over k. Choose a 
Borel subgroup B D 7. There exists an element u E G ad (fc) such that 
inn(ti)(T, B) = (7',B ). We obtain an isomorphism 

inn(u)*: AutX(T) -> AutX(T'), 

that clearly takes W = W(G,7) to W := W(G,T). It follows from (133]) 
that inn(«)* takes im/3 T -g to im/3 T , g>, hence it takes Y T -g to T T ,-g. By 

the character lattice of G we mean the pair (T T -g, X(T)) (which is the same, 

up to an isomorphism, as (T„,-g/,X(Tj) for any other pair (7',B )). 

3.7. Let G be a connected reductive fc-group, not necessarily split. Consider 
a split form of G, i.e., a split /c-group G sp i together with an isomorphism 
9 : G sp i — > G. Choose T and -B as above, then 7 C B C G. Choose a split 
maximal torus T sp i C G sp i and a Borel subgroup -B sp i C G sp i containing 
7 sp i- We may and shall assume that 9 takes (T sp i, -B sp i) to (7,B). The 
isomorphism induces an isomorphism 

# s : ~(G spl ) = ~(G^)^H(G) 
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and an isomorphism 

6i: Aut E(G) ^ Aut S(Ggpi). 

From now on and up to the end of Section [3] all our constructions depend 
on the choice of 9. 

We have a finite group A C Aut H(G), the image of G&l(k/k) under /3=. 
Using 9, we obtain a subgroup ^4 sp i := Oi(A) C Aut H(G sp i). We identify 
Z(G sph T sph B sp i) with H(G sp i) and denote by 

^4*,spi C Aut H(G sp i, T sp \, B sp i) C Aut ^(G sp i, T sp i) 

the subgroup corresponding to A sp \ C AutS(G sp i). 

Let Wgpi := W(G sp i,r sp i) be the Weyl group. Define a subgroup 

T sp i := W spi ■ A^ :Spl = W sp i x A* iSpl C Aut *(G sp i, T spl ). 

The isomorphism 9 induces an isomorphism 

6 9 : *(G spl ,T spl ) = ^(G^uT^i) *(G,T) 

and an isomorphism of lattices 

(3.4) 9%: (T,X(T))^(T spl ,X(T spl )). 
We have a canonical homomorphism 

A spi : Aut(G sp i) -> Aut H(G sp i), 
see §3.31 We obtain a subgroup 

(3.5) M sp i = (AspO^^AspO c Aut(G spl ). 

If we choose a pinning of (G ap i, T sp \, B sp \), then we may write 

M spl = Inn(G sp i) x A GiSph 

where Ac, S pi C Aut(G sp i) is a suitable subgroup isomorphic to A sp i, see £ 13.31 

3.8. Let G be a reductive /c-group. A /c-group G' is called a k-form of G 
if G' becomes isomorphic to G over the algebraic closure k of k. Recall 
that isomorphism classes of /c-forms of G are in a natural bijective corre- 
spondence with the non-abelian Galois cohomology set H 1 (k, Aut(G)). Let 
z £ Z l {k, Aut(G)) be a cocycle, then the twisted group Z G corresponds to 
the cohomology class [z] € H 1 ^, Aut(G)). For details on this, see e.g. |Sp2, 
§§11.3 and 12.3]. 

Lemma 3.9. For G and M sp \ as in \3. 7\ G is isomorphic to the twisted form 
z G sp i o/G sp i for some cocycle z € Z 1 (k,M Bp i). 

Proof. For a € Gal(/c/£;) denote by /3(a): G — > G the corresponding semi- 
automorphism of G and by (3 sp \(a) the corresponding semi-automorphism of 
G sp i. Set 

(3.6) z(a) = 9- 1 o (3(a) o 9 o ^{a)' 1 :G~ l ^G~ l , 
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then an easy calculation shows that z: Gal(/c//c) — > Aut(G sp i) is a cocycle, 
z G Z 1 (k, Aut(G sp i)). We have 

9*((3(a)) := 9~ l o 13(a) o 9 = z(a) p spl (a), 

hence z G sp \ is isomorphic to G. We show that z(a) 6 M sp i(&i) for all <r G 
Gal(fe/A;). 
Set 

z~ = A sp i o z: Gal(A;/A;) — Aut(G sp i) Aut H(G sp i) = Aut S(G sp i). 

From (13. 6ft we have 

Zs ((7) = flg 1 o /3 H (a) o 3 o A^bC^) -1 

where /3= and /3 sp is denote the actions of Gal(fc/A;) on 2(G) and on 2(G sp i) = 
2(G sp i), respectively. Since G sp i is split, the Galois group Gal(/c//c) acts 
trivially on 2(G sp i), hence f3 sp \^,(a) = id, and we obtain 

z 3 ((r) = 9^ o (3 s ( a ) o9= = 9i((3 E (a)). 

Since by definition A = im/3~, we have Ps(a) G A. We see that zs(cr) G 
91{A) = A spX and 

z(a) e \; p \(A spl ) = M spl (k). 

□ 

4. (G, S)-FIBRATIONS AND (G, S)- VARIETIES 

The proof of Theorem 11.31 in the next section relies on the notions of 
(G, 5")-fibration and (G, S")-variety. This section will be devoted to prelimi- 
nary material on these notions. 

4.1. (G, S")-fibrations. Let G be a linear algebraic A;-group and S be a k- 
subgroup. Recall that a (G, S')-fibration is a morphism of ^-varieties it : X — > 
Y, where G acts on X on the left, n is constant on G-orbits, and after a 
surjective etale base change Y' — > Y there is a G-equivariant isomorphism 
between G/S x t 7'andlx y r over Y', cf. [CKPR1 §2.2]. If S = {1} 
then a (G, S')-fibration is the same thing as a left G-torsor. Note that in 
general, X — > Y can be both a (G, Si)-fTbration and a (G, S^-fibration for 
non- isomorphic /c-subgroups Si, S2 C G. However over an algebraic closure 
of k, Si and S2 become conjugate. 

The following lemma generalizes well-known properties of torsors to the 
category of (G, <S)-fibrations (with the same proofs). 

Lemma 4.1. Let ir : X — s- Y, it\ : Xi — > Yi and tt 2 : X 2 — s> Y 2 be (G,S)- 
fibrations. 
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(a) Every G-equivariant morphism f : X\ — > X 2 is a morphism of(G, S)- 
fibrations, i.e., gives rise to a Cartesian diagram 

f 

X\ 9- X2 



7T2 



Yx — ^ Y 2 . 

In other words, Xi = X 2 Xy 2 Y\, where the G-action on X 2 Xy 2 Y\ 
is induced by the G-action on X 2 . 

(b) Every G -invariant closed (respectively, open) subvariety Xq C X is 
of the form tt~ 1 (Yq) f or some closed (respectively, open) subvariety 
Y ofY. In particular, Xq is itself the total space of a (G, S)-fibration 
7T|X : ^0 -> Y . 

(c) The map f in part (a) is dominant if and only if f is dominant. 

Proof, (a) We first define the map / : Y\ —¥ Y 2 locally in the etale topology 
on Y\. Let {U a } be an etale open cover of Y\ such that X\ is G-equivariantly 
isomorphic to G/S x k U a , over each U a . Then over each U a , the map tt\ has 
a section s: Y\ — > G/S x k Yi, and we can define / by composing s, f and 
ir 2 . The resulting local map is independent of the choice of s; these maps 
patch up to a /c-morphism /: Y\ — > Y 2 by etale descent. 

By the universal property of fibered products there exists a morphism 
<f>: X\ — > X 2 Xy 2 Y\ over Y\. This morphism is unique and hence, G- 
equivariant. We want to show that <j) is an isomorphism. Note that <p is 
a G-equivariant morphism between (G, 5)-fibrations over Y±. We want to 
show that if Y\ = Y 2 and / = id in the above diagram then / is an isomor- 
phism. We do this by constructing Let {U a } be an etale local cover of 
Y\, trivializing both X\ and X 2 , that is, over each U a , X\ and X 2 are both 
G-equivariantly isomorphic to G/S XkU a . Hence, / _1 is (uniquely) defined 
and is G-equivariant over each U a . Once again, using etale descent, we 
see that these local inverses patch together to a well-defined G-equivariant 
fe-morphism / _1 : X 2 — > X\. 

(b) Since open subsets are complements of closed subsets, it suffices to 
consider the case where Xq is closed. We claim that tt(Xq) is closed in Y. 
It is enough to check this claim locally in the etale topology, so we may 
assume that X = G/S x k Y and ir is the projection onto the second factor. 
Since Xq is G-equivariant, Xq contains {1} x k ir(Xo). Moreover, since Xq 
is closed, Xq contains {1} x tt(Xq). We conclude that tt(Xo) is contained in 
tt(Xo), i.e., tt(Xq) is closed, as claimed. 

After replacing Y by tt(Xq) and X by tt^ 1 (t:(Xq)), it now suffices to show 
that if Xq C X is closed and G- invariant and ir(Xo) = Y then Xq = X. To 
do this, we construct the inverse to the inclusion map Xq X. We first do 
this etale-locally, where we may assume X = G/S x k Y and hence, Xq = X, 
then use etale descent to patch together local inverses into a morphism 
X — s> Xq defined over Y. 
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(c) By part (b), the closure of f(X\) in X2 is of the form tt^ (C) for some 
closed subset C C Yi. Thus / is dominant if and only if C = Y2, that is, if 
and only if / is dominant. □ 

Let N := N G (S) be the normalizer of S in G, W := N/S, and X -> Y 
be a (Gr, S^-fibration. Denote the S- fixed point locus in X by X s . The 
G-action on X induces an TV-action on X s . Since S acts trivially on X s , 
this iV-action descends to a ^-action on X s . By trivializing the (G,S)- 
fibration X — > Y over an etale cover Y' — > Y, we see that X s — > Y is in 
fact a W-toTsor; see |CKPRt Proposition 2.9]. Conversely, starting with a 
VF-torsor Z — > Y, we can build a (G, »S)-fibration X — >■ F by setting X to 
be the "homogeneous fibre space" G x N Z, i.e., the quotient of G Z by 
the left iV-action given by n ■ (g,x) — > (gn~ 1 ,nx). This quotient can either 
be constructed locally, in the etale topology on Y, by descent, or globally as 
a geometric quotient in the sense of geometric invariant theory. For details 
on these constructions, we refer the reader to [C KPP4 §2.2]. 

Proposition 4.2. Let Var^ be the category of quasi-projective varieties, and 
Fib(c,S) be the functor from Var^ to the category of sets which associates 
to a quasi-projective variety Y the set of isomorphism classes of (G,S)- 
fibrations over Y , and to a k-morphism of varieties Y Y the pull-back 
morphism which base-changes {G , S)-fibrations overY to Y . If S = {1}, we 
will write Tore in place of Fib^Q^s) ■ 

Then the two constructions described above give rise to an isomorphism 
between the functors FibcQ^\ and Tory/ . 

Proof See [CKPR1 Proposition 2.10]. □ 

4.2. (G, S*)-varieties. A fc-variety X with a left action of G is called a 
(G, S)-variety if it contains a dense open subset X' C X which is the total 
space of a (G, 5*)-fibration X' — > Y . 

Lemma 4.3. Let G be a split reductive k-group, and T C G a split k-torus. 
Let A C AutE(Gr) be a finite subgroup, and let M = A _1 (A) C Aut(G) be 
as in § 13.31 Then G and its Lie algebra Lie(G) are both (M, T ad ) -varieties. 

Proof. In the case where A = {1}, this assertion is proved in [CKPR, Propo- 
sition 4.3]. We mimic the argument there for arbitrary finite A. We will 
only consider the M-action on G\ the case of the M-action on Lie(G) is 
similar. We choose (T, B) and a pinning of (G, T, B) as in §§ 13.11 and 13.31 
We obtain a subgroup Aq C M. 

Our proof will rely on [CKPRl Proposition 2.16]. To apply this proposi- 
tion we need to check that the M-action on G is stable, i.e., the M-orbit 
of x G G(k) is closed for x in general position. By [CKPRl Corollary 4.2], 
the conjugation action of G on itself is stable. Since A is a finite group, 
the group M contains G ad as a subgroup of finite index, and therefore the 
M-action on G is also stable. 
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By [CKPR, Proposition 2.15(i)] we can now conclude that X is an (M, S)- 
variety for some subgroup S C M. Moreover, by [CKPR, Proposition 2.16], 
in order to show that we may take S = T ad , it suffices to exhibit a subset 
D of X(k) which is dense in G and such that for every p£D the stabilizer 
of p in M is conjugate to T ad . 

To construct D, let U be a dense open subset of T consisting of points t 
such that (i) t is regular, and (ii) t is not fixed by any non-trivial element of 
T = W x A\£. Both (i) and (ii) are open conditions (for (i) see [Bo} §12.2]), 
so U is an open subset of T defined over k. We now claim that the set 

D:={gtg- X \ g G G(k),t G U(k)} 

has the desired properties. 

First, we show that D is dense in G. Indeed, by Chevalley's theorem, 
cf. [Bol Theorem 18.2(h) and Corollary 18.3], G(k) is dense in G, U(k) is 
dense in T and thus D is dense in the set {gtg~ l \ g € G, t 6 U}, which is, 
in turn, dense in G. This shows that D is dense in G. 

Secondly, we show that the stabilizer of p in M is conjug ate to T ad for 
every p G D. It suffices to show that for every t G U(k), the stabilizer of 
t in M is T ad . Suppose a G M = G ad x A G stabilizes t. Since t lies in 
a unique maximal torus of G (see \Bo\ Proposition 12.2(4)]), a stabilizes 
T or equivalents, lies in L := Stab M (T) = iV G ad(T ad ) x A G . The group 
T = L/T ad acts on T, and by condition (ii) above, no nontrivial element of 
T = L/T ad = W x Aq, stabilizes t. We see that a G T ad , as desired. This 
completes the proof of Lemma 14.31 □ 

Proposition 4.4. Suppose X\ and X<i are (G, S) -varieties such that the 
fixed point loci Xf and are irreducible. We write N = Nq(S), W = 
N/S. 

Then every W-equivariant dominant rational map f: X? —* Xf lifts to 
a unique G-equivariant dominant rational map /': X\ —■* X^. Moreover, 
f is a birational isomorphism if and only if so is f. 

Proof. Choose G-invariant dense open subsets X[ C Xi which are total 
spaces of (G, S^-fibrations, X[ — > Yi, for i = 1,2. Since for each i = 1,2, 
the variety Xf is irreducible, the non-empty open subset (X-) s is dense in 
Xf . Hence, the dominant rational map Xf — » restricts to a dominant 
rational map /: (X[) s —+ (X' 2 ) s , and we may, without loss of generality, 
replace Xj by X-. 

Consider the map Xf Y^, it is a VF-torsor, see the constructions be- 
fore Prop. 14.21 The domain of definition of the dominant rational map / 
is a VF-invariant dense open subset of Xf . By Lemma 14,1T b) applied to 
the (W, {l})-fibration Xf -> Y 1 , this open subset is the the preimage of a 
dense open subset in Yi.Thus after replacing Y\ by a dense open subset and 
Xf by its preimage, we may assume that / is a VF-equivariant morphism. 
Now / lifts to a G-equivariant morphism /' : X\ — > X2 by Proposition 14.21 
Lemma 14.1( c) implies that /' is dominant. 
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To prove uniqueness, assume that /' and /": X\ — » X2 are two G- 
equivariant rational maps lifting /. Then after replacing Y\ by a suitable 
G-invariant open subset, and X\ by its preimage, we may assume that /, /' 
and /" are all regular. Hence, /' = f" by Proposition I4.2L 

Finally, if / is a birational isomorphism, apply the above procedure to 
the TV-equivariant map f~ l to construct a G-equivariant inverse to /'. □ 

5. Proof of Theorem 11.31 

5.1. Inner and outer forms. 

Lemma 5.1. Let M be a closed algebraic k-subgroup of the group scheme 
Aut(G) which contains Inn(G) ; and let z € Z 1 (fc,M). 

(a) If there exists an M-equivariant birational isomorphism f: G —■* 
Lie(G), then Z G is a Cayley group. 

(b) If G is Cayley, then any inner form of G is also Cayley. 

(c) If G is stably Cayley, then any inner form of G is also stably Cayley. 

Proof, (a) Since / is M-equivariant, we can twist / by z and obtain an 
2 M-equivariant birational isomorphism 

z f: g G-* s He(G). 

By functoriality of the twisting operation, ^lnn(G) = Inn( 2 G) C 2 M (|Sp2, 
Lemma 16.4.6]) and 2 Lie(G) = Lie( 2 G). Thus z f is an 2 M-equivariant (and, 
in particular, Inn( 2 G)-equivariant) rational map Z G — » Lie( 2 G). Twisting 
/ _1 by z in a similar manner, we see that z f is, in fact, a birational isomor- 
phism, i.e., a Cayley map for Z G. 

(b) An inner form of G is, by definition, a twisted form Z G, where 
z G Z (k, Inn(G)). If G is a Cayley group, then there exists an Inn(G)- 
equivariant birational isomorphism /: G —■> Lie(G), hence by (a) Z G is a 
Cayley group. 

(c) If G is a stably Cayley group, then G G r m is Cayley for some r, 
and we may identify Inn(G) with Inn(G G r m ). If z E Z 1 (k, Inn(G)) = 
Z 1 (k, Inn(G XfcG^)), then by (b) the twisted group Z (G x^G^) = z Gx k G r m 
is Cayley, hence Z G is stably Cayley. □ 

5.2. The generic torus. Let G be a connected reductive fc-group, and let 
Tgen be the generic torus of G, see \V2\ §4.2]. It is defined over a field K gen 
containing k. 

Consider the image A of GsX(k/k) in AutS(G), see § 13.41 Fix an embed- 
ding of k into K gcn , where K gcn is an algebraic closure of K gen . Then we can 
identify with H(G^ ) and regard A as a subgroup of AutH(G-^ ). 

Denote ^ gcn (G) := ^{G-^ , (T gen )^ ). Consider the preimage ^^(A) C 

Aut ^gcn(G). 

Proposition 5.2. The image & of Gal(K gen / K gcn ) in Aut ^ gen (G) coin- 
cides with ip^, l {A). 
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Proof. By a theorem of Voskresenskh's |V2l Thm. 4.2.1], the image of the 
Galois group Gal(K gen /kK gen ) in Aut ^ gen (G) coincides with the Weyl group 
W. It follows that we have a split short exact sequence 

1 -> W -> © ->• A -> 1, 

where j4o is the image of Gal(if gcn /iig 0n ) in Aut E(G^ gcn ). Since G splits 
over k, the Galois group Gal(K gen /K gea ) acts on H(G-^ gcn ) = H(G) via 
Gal(fc/A;). Since if ge n is the function field of a geometrically irreducible 
variety, we have knK gen = k, and by \L&\ Thm. VI. 1.12] the natural homo- 
morphism Gal(i^ gcn /^gcn) — > Gal(k/k) is surjective. It follows that Aq = A, 
which proves the proposition. □ 

Corollary 5.3. The lattice (0, X((T gen )-^ )) is isomorphic to the character 
lattice X(G) of G, see Definition \3.5l 

5.3. Conclusion of the proof of Theorem 11.31 (a) ==> (b). Let G be 
a reductive fe-group, /: G — » Lie(G) be a Cayley map, and T C G be 
a maximal fc-torus. First note that the indeterminacy locus of / cannot 
contain T; otherwise it would contain the union of all gTg~ l , which is dense 
in G, a contradiction. Thus / can be restricted to a rational map T ---> 
Lie(G). Moreover, since / is G-equivariant and T is its own centralizer, f(T) 
lies in Lie(G) T = Lie(T). Thus / restricts to a rational map T — » 
Lie(T) defined over fc. Applying the same argument to / , we see that f\ T 
is a birational isomorphism. In particular, since Lie(T) is a /c-vector space, 
the fe-torus T is a A:-rational variety. 

Finally, replacing k by K and G by Gk x # ^ , we conclude that if T 
is a maximal -torus of G then T xk ^ is if -rational. Thus T is stably 
if -rational, as claimed. 

(b) =>■ (c) is obvious. 

(c) <J=^> (d): By Corollary 15. 3| the character lattice X(G) of G is isomor- 
phic to the character lattice of the generic torus T gcn of G. Since a torus T is 
stably rational if and only if its character lattice X(T) is quasi-permutation 
(see [V21 Theorem 4.7.2]), (c) and (d) are equivalent. 

(d) ==>■ (a): Choose (T, B) as in §3.71 Let (G sp i, T sp i, l? S pi) be a split form 
with an isomorphism 

9'- (G sp i, T sp i, B sp i) — > (G,T,B). 

Recall that we have an isomorphism (|3.4p between the lattices X(G) := 
(T,X(T)) and (T sp i,X(T sp i)). Since by assumption (T,X(T)) is a quasi- 
permutation lattice, we see that (T sp i, X(T sp i)) is a quasi-permutation lattice 
as well. The group T sp i acts on the split torus T sp \. Now Lemma I2T31 tells us 
that, since (T sp i, X(T sp i)) is a quasi-permutation lattice, this action is stably 
linearizable. In particular, the underlying varieties of the torus T sp \, viewed 
with the action of T sp i, and of its Lie algebra Lie(T sp i), viewed with the 
natural (faithful) representation of T sp i, are equivariantly stably birationally 
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isomorphic. Since T sp \ and Lie(T sp i) have the same dimension, there exists 
a T sp i-equivariant birational isomorphism 

(5.1) T spl x k G r m --•» Lie(T spl ) x k A r , 

for some integer r > 0, where T sp i acts trivially on the split torus G r m and 
on the affine space A r . 

Let G 1 = G x k G r m , G' spl = G spl x fe G T m , T s ' pl = T spl x k G r m , etc. Then 
we have canonical isomorphisms A^ pl ~ A sp i, T^ pl ~ T sp i, and the T sp i- 
equivariant birational isomorphism (|5.ip gives us a Yg pl -equivariant isomor- 
phism 

(5-2) T s ' pl Lie(T s ' pl ). 

We will use this birational isomorphism to construct a Cayley map for G' 
as follows. 

We set M s ' pl = {(p & {A' spl ) C Aut G' spl , see ([33]). Recall that X x := 
G' spl and X 2 := Lie(G^ pl ) are both (M s ' pl , ^-varieties, with 5 := (^ pl ) ad ; 
see Lemma E3 Here X? = T s ' pl , X| = Lie(T s ' pl ), and W := T' spl . Thus by 
Proposition 14.41 the T' j-equivariant birational isomorphism (|5.2p lifts to an 
Mg p |-equivariant birational isomorphism 

(5.3) G' spl -%Lie(G' spl ). 

Finally, recall that G' is a fc-form of G' spV Thus G' = z G' spl for some z G 
Z 1 ^, Aut(Gg pl )). Moreover, by Lemma^we may take z G Z l {k,M' spl ) C 
Z^Jfc, Aut(G^ pl )). Twisting both sides of Q by 2, we obtain a Cayley map 
for zG' sp i = G' = G x k G r m ; see Lemma ISTTT a) . This completes the proof of 
Theorem 11.31 □ 

6. Proof of Theorem 11.41 

To show that (a) => (b), suppose G is stably Cayley over k. Then G k is 
stably Cayley over k, where k denotes an algebraic closure of k. By [LPR, 
Theorem 1.28] G k is one of the following groups: 

SL 3 , SO„ (n / 2,4), Sp 2n (n > 1), PGL„ (n > 2), G 2 . 

In other words, G is a A;- form of one of these groups. (Note that the group 
SL2, which appears in the statement of |LPRl Theorem 1.28], is isomorphic 
to Sp 2 .) If G is an outer form of PGL n where n > 4 is even, then by [CK} 
Theorem 0.1] the generic torus of G is not stably rational, and by Theorem 
11.31 G is not stably Cayley. Thus if G is stably Cayley, then G is one of the 
groups listed in part (b). 

It remains to prove that (b) ==^ (a), i.e., that all groups listed in part (b) 
are stably Cayley. 

The classical Cayley map shows that any form of G := SO n and Sp 2ri is 
Cayley; see [LPR[ Example 1.16]. All forms of the groups SL3 and G 2 are 
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of rank 2, hence their generic tori are rational by |V2l Example 4.9.7], and 
by Theorem 11.31 these groups are stably Cay ley. Every inner form of PGL n 
is Cay ley by [LPR4 Example 1.11]. Finally, the generic torus of any form 
of PGL n for n odd is rational, hence stably rational by [VKj Corollary of 
Theorem 8]. By Theorem 11.31 we conclude that outer forms of PGL n for n 
odd are stably Cayley. This completes the proof of Theorem 11.41 □ 

7. Statement of Theorem 17.11 and first reductions 

In view of Theorem 11.41 it is natural to ask for a classification of sta- 
bly Cayley semisimple groups, initially over an algebraically closed field of 
characteristic zero. This problem turns out to be significantly more compli- 
cated; a complete solution is out of reach at the moment. Fortunately, for 
the purpose of proving Theorem ll.5l we can limit our attention to semisimple 
groups all of whose simple components are of the same type. Theorem 17.11 
stated below gives a classification of stably Cayley groups of this form; this 
theorem will be a key ingredient in our proof of Theorem 11.51 in N161 The 
proof of Theorem 17.11 will occupy much of the remainder of this paper. 

Theorem 7.1. Suppose H is a simply connected simple group over an al- 
gebraically closed field k. Let G = H m /C, where C C H m is a central 
subgroup. Then G is stably Cayley if and only if G is a direct product 
G = G\ x k ■ ■ • x £ G s of normal subgroups Gi C G, where each Gi is either 
a stably Cayley simple group or isomorphic to SO4. 

The "if" direction of Theorem 17. II is obvious, since the direct product of 
stably Cayley groups is stably Cayley. Thus we only need to prove the "only 
if" direction. The proof will proceed by case-by-case analysis, depending on 
the type of H. We begin with the following easy reduction. 

Lemma 7.2. Let H be a simply connected simple group over an algebraically 
closed field k and C be a central subgroup of H m for some m > 1. Let Hi 
denote the i th factor of H m , iTi denote the natural projection H m —> Hi, 
and Ci := vrj(C) C Z(Hj), where Z(Hi) denotes the center of Hi. Assume 
H m /C is stably Cayley. Then 

(a) Hi/Ci is stably Cayley; 

(b) H is of type A n (n > 1), B n (n > 2), C n (n > 3) , D n (n > 4), or 
G 2 . 

Proof. Part (a) is a direct consequence of |LPP4 Prop. 4.8]. To prove part 
(b), note that by |LPR4 Thm. 1.28], H\jC\ is of one of the types listed in 
the statement of the lemma. □ 

We will now settle two easy cases of Theorem 17.11 where H is of type C n 
(n > 3) and G2. 

Proof of Theorem^ for H = G 2 . Here Z(H) = {1}, so C C Z(H) m is 
trivial, and 

H m /C = H m = G 2 x fc • • • x G 2 (m times) 
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is a product of stably Cayley simple groups. □ 

Proof of Theorem 17.11 for H of type C n (n > 3). Let H = Sp 2n and C be a 
subgroup of Z(H) m = [i™. We will show that H m /C is stably Cayley if and 
only if C = {1}. 

Indeed, if H m /C is stably Cayley then, by Lemma 17.21 so is Hi/Ci. Here 
Hi = Sp 2n , and Cj is a central subgroup (either \ii or {1}). On the other 
hand, by [LPR[ Theorem 1.28], if the group Sp 2n /Cj for n > 3 is stably 
Cayley, then Cj = {1}. Thus C projects trivially to every Hi, which is only 
possible if C = {1}. We conclude that 

H m /C = H m = Sp 2n x fe • • ■ x Sp 2n (m times) 

is a product of Cayley simple groups, as desired. □ 

8. QUASI-INVERTIBLE LATTICES 

The proof of the "only if direction of Theorem 17.11 in the remaining 
cases, where H is of type A n , B n or D n , is more involved. In this section, in 
preparation for this proof, we will develop a general method for showing that 
certain lattices are not quasi-permutation. Our main result, Theorem 18. 6[ 
goes back to [VH Thm. 7 and its corollary]; see also [CS1|, Proposition 1(h)] 
and [CS2, Proposition 9.5(h)]. For the sake of completeness we supply short 
proofs for Lemmas 18.41 and 18.51 below. 

Rather than working directly with quasi-permutation lattices, it will be 
convenient to us to also consider their direct summands. 

Definition 8.1. A Tdattice L is called quasi-invertible if it is a direct sum- 
mand of a quasi-permutation T-lattice. 

Note that if L ~ V are equivalent T-lattices, then L is a quasi-permutation 
(or quasi-invertible) if and only if so is V . 

8.2. Let L be a T-lattice. We set 

H 2 (T,L)^ J] H 2 (T C ,L) , 
r c cr 

where r c runs over the set of all cyclic subgroups of V. If L is a quasi- 
invertible T-lattice, then for any subgroup f C I we have LU 2 (r',L) = 0, 
cf. [Lot Prop. 2.9.2(a)]. Note however, that there exist T-lattices L such 
that LU 2 (r',L) = for every subgroup V of T but L is not quasi-invertible; 
see the comments at the end of the proof of Prop. 19.91 

8.3. By a semi-isomorphism of T-lattices L and L' we shall mean a pair of 
isomorphisms 

ip: T ^ T, ip: L L' 

such that 

ipi^jx) = ip(~f)ilj(x) for all 7 G T,x € L. 



LU 2 (r,L) = ker 
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Suppose L and L' are semi-isomorphic. Then clearly L is permutation (re- 
spectively, quasi-permutation, respectively, quasi-invertible) if and only if so 
is L'. 

The following lemmas can be used to show that a given lattice is not quasi- 
invertible. Let r be a finite group. Consider the norm homomorphism 

N r : Z ->• Z[T], N r (a) = a ^ s for a G Z, 

ser 

and the short exact sequence 

(8.1) -»• Z -> Z[r] -»• J r -»• 0, 
where Jr = coker iVp . 

Lemma 8.4. Lei T be a finite group, and V C T any subgroup. Then 
ni 2 (r', J r ) = H 3 {T',Z). 

Proof. From (18.ip we obtain a cohomology exact sequence 

(8.2) H 2 (T',Z[T}) ^ H 2 {T', j r ) ^u 3 (r',z) -> /J 3 (r', z[r]). 

We have ff i (T , 1 Z[F]) = for i > 1, hence fP(r',Z[r]) = for t > 1, and 
we see from flS2J| that JT 2 (r', J r ) ^ # 3 (r', Z). 

Now let T c C T' be a cyc/ic subgr oup. W e have H 2 {T C , J r ) ^ JJ 3 (r c ,Z). 
By periodicity for cyclic groups, cf. [ANT, IV. 8, Thm. 5], we have 

7J 3 (r c ,Z) ^ H l {T c ,Z) = Hom(r c ,Z) = 0, 

whence H 2 (F C , J r ) = 0. Thus in 2 (r', J r ) = H 2 {T\ Jp) 9* JJ 3 (r', Z). □ 

Lemma 8.5. Let T = Z/pZ x Z/pZ, where p is a prime. Then H 3 (T,Z) = 
Z/pZ. 

Proof. For any group T, the group 7J 3 (r,Z) is canonically isomorphic to 
7J 2 (r,C x ). The latter group is called the Schur multiplier of T. For finite 
abelian groups, the Schur multipliers were computed by Schur in [Schl §4, 
VIII]. In particular, by [Schl §4, VIII] the Schur multiplier of Z/pZ x Z/pZ 
is a cyclic group of order p, which proves the lemma. 

An alternative proof based on modern references proceeds as follows. 
For any finite group T, the group H 3 (T,Z) is dual to H~ 3 (T,Z), cf. \CE\ 
Thm. XII.6.6] or [Br, Thm. VI.7.4]. By definition iJ~ 3 (r,Z) = H 2 (T,Z). 
For an abelian group T we have ^(r, Z) = A 2 (r) (the second exterior power 
of the Z-module T), see (HE Thm. 3] or (EH Thm. V.6.4]. Clearly A 2 (Z/pZx 
Z/pZ) 9* Z/pZ, hence H 2 (Z/pZxZ/pZ,Z) ^ Z/pZand H 3 (Z/pZxZ/pZ,Z) ^ 
Z/pZ. □ 

As an immediate consequence, we obtain the following 

Theorem 8.6. Let T = Z/pZxZ/pZ, where p is a prime. Then LU 2 (r, Jp) 9* 
Z/pZ, and therefore the T-lattice Jp is not quasi-invertible. □ 
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Corollary 8.7. Let T be as in Theorem \8.6\ and let A — > T be a surjective 
homomorphism of finite groups. Then III 2 (A, Jr) ^ ; and therefore the 
A-lattice Jr is not quasi-invertible. 

Proof. Set Ai = ker[A — > T]. Then Ai acts on Jr trivially, hence 

/^(Ai, J r ) = Hom(Ai, J r ) = 0. 
It follows that we have a restriction-inflation exact sequence 

H 2 (T, J r ) # 2 (A, J r ) ^> ff 2 (A 1; J r ), 

cf. [ ANT | §IV.5, Proposition 5]. In particular, H 2 (T,Jr) injects into 
H 2 (A, J r ), hence HI 2 (T, J r ) = H 2 (T, J T ) injects into LQ 2 (A, J T ) = H 2 (A, J r ). 
By TheoremESl HI 2 (r, J r ) / 0, hence IH 2 (A, J r ) ^ 0, and therefore the 
A-lattice Jr is not quasi-invertible. □ 

9. A FAMILY OF NON- QUASI-INVERTIBLE LATTICES 

In this section we create a stock of non-quasi-invertible lattices (i.e., lat- 
tices which are not direct summands of quasi-permutation lattices), which 
will be used to complete the proof of Theorem 17.11 

9.1. Let A be a Dynkin diagram, A = Ufcli Aj, where Aj are the connected 
components of A. We assume that each Aj is of type B or type D (note 
that Bi = Ai and D3 = A3 are allowed). Let Si be the set of vertices of 
Aj, and S = |J Si be the set of vertices of A. 

Consider the vector space V over Q with basis (e s ) s ^s- Set /3i = \ Yl s &s £ s- 
We denote by M the subgroup in V generated by /3i and by the basis ele- 
ments e s for all s € S. In other words, M is generated by the vectors of the 
form \ £ se5 ±e 8 . 

Set Wi = W(Ai) and W = W{A) = \\T=i W t . The Weyl group W acts 
on M. 

Proposition 9.2. Let A, S, M , and W be as in Assume that \S\ > 3. 
Then the W -lattice M is not quasi-invertible. 

Remark 9.3. Note that rank(M) = dim(V) = \S\. If \S\ = 1 or 2 then M is 
quasi-permutation by Lemma 12.61 

Proof. First we consider the case A = D4. Then M is not quasi-permutation, 
see |CK[ §7.1]. We will show that M is not quasi-invertible. Indeed, in [CKl 
§7.1] the authors construct a subgroup W% C W of order 8, such that M 
restricted to W2 is a direct sum of VtVsublattices M = M\ M3 of ranks 1 
and 3, respectively. Now in |Kul Theorem 1] it is stated that the PvVlattice 
M 3 is not quasi-permutation, but it is actually proved that [M 3 ] fl (see |Lo|, 
§2.7] for the notation) is not invertible. Hence M3 is not a quasi-invertible 
VtVlattice, and M is not a quasi-invertible VF-lattice. 

For the rest of the proof we will assume that A 9= D4- Let T = Z/2Z x 
Z/2Z = {1, a, b, ab}. Then by Theorem EH LU 2 (r, J r ) = Z/2Z. We shall 
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embed T into W and show that HI 2 (T, M) = Z/2Z ^ 0, which will imply 
that M is not quasi-invertible. 

Let us denote by So the union of all Sj such that Aj is of type B. Let I 
be the set consisting of and of all i such that Aj is of type D. For each 
i G I we will construct three subsets Ui tK C Si {x = 1, 2, 3) satisfying 

U i)X n Ui^j = for x ^ x', 

U i}X U U i)2 U U i>3 = S u 

\Ui )K \ = k mod 2if Aj is of type D; r 

Then we will set U K = \J ieI Ui jK . 

We construct the subsets Uq^ C So as follows. If So = 0, we set Uq^ = 
for all x. If S = {s ,i}, we set f7 ,l = "!>o,i}, ^0,2 = ^0,3 = 0- If \Sq\ > 2, 
we set U 0t i = {so,i}, u o,2 = {so,2}, U ,3 = S \ (C/ ,i U f7 0)2 ). Note that if 
| S 1 > 3, then ?7 X ^ for all x. 

If Aj = Y)[ with 2 odd, then I > 3, and we construct the subsets L/j iJf C Sj 
as follows: U i} i = {fij^}, C/j j2 = {si,2j-, £^,3 = Sj \ (l/^i U f7 i)2 ). If there exists 
such i, then [7^ ^ for all x. 

If Aj = D/ with I even and / ^ 4, then / > 6, and we construct the 
subsets U i>x C Sj as follows: U^i = {5^1,5^2}, U i)2 = {^,3,^,4}, U^ 3 = 
Si \ (Ui t % U Ui t 2). Again, if there exists such i, then XJ X 7^ for all x. 

If Aj = D4, we choose one such i = i\ and construct the subsets f7j iJf C Sj 
as follows: [/j 5 i = 0, Ui^ = {si.ijS^}, f7j j3 = {sj, 3 ,Si,4}. For all the other 
such i we set £/j 5 i = Sj, tTj^ = 0^3 = 0. If there exists such other i, then 
U K ^ for all x. Even if there exists only one such i = i\, but So ^ 0, again 
U K ^ for all x. 

Recall that f7 x = Uie/ Clearly the subsets U K C S satisfy 

(9.1) Z7*n£/^ =0forx^x', 

(9.2) U 1 UU 2 UU 3 = S, 

(9.3) 1*7* nSi| = k mod 2 if A is of type D /r 
It is easy to check that, since A ^ D4 and |S| > 3, 

(9.4) U x ±% for each x = 1, 2, 3. 

For 7 £ T = {l,a, 6, a6} we define subsets H 7 C S as follows: Hi = 0, 
E a = Ui U U 2 , H b = U 2 U j7 3 , H ab = J7i U j7 3 . Then it follows from (J9T3]) that 

(9.5) |H 7 nSj|=0 mod 2 for 7 e r if Aj is of type D Zi . 

For s G S, we denote by c s the automorphism of M acting as —1 on e s 
and as 1 on all the other e t (t 6 S, t ^ s). Then for s € So we have c s £ VF. 
For s € S \ So we have c s ^ W, however, if s, s' € Sj for some z such that 
Aj is of type D, then c s c s i € Wi CW. 

For 7 € T we define 

0(7) = Yl c s G Aut(M). 

sGS 7 
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It follows from (19. 5p that 0(7) € W. Clearly a(7) 2 = id. Moreover, for 
7, 7' € T we have 

(H 7 U Ey) \ (S 7 (~l Ey) = E 7 y , 

hence 0(77') = 0(7)0(7'). We see that a: T — )■ VF is an injective homomor- 
phism of groups. We identify T with a(T) C W. 
Recall that f}\ = | X^ses 5 *- ^ or 7 £ T we set 



2' '_ ^ ' ' 



We have 



We have 



y • /? = 7 ' 7 • /?! = /3 , for 7', 7 G T. 



(9.6) /?i+/3 a = J] e s = 2 e„ Pi+P h = ^ e„ Pi+P ab = ^ £ s . 

sGS\H a se(7 3 sGt/i sel/ 2 

It follows from (|9.6p and (|9.4p that the vectors /3i + /3 a , Pi+Pb, and /3i + /3 a ^ 
are nonzero, and it follows from f)9. 1 1) that these three vectors are linearly 
independent. We have also 

Pi + Pa + Pb + Pab = 0. 

All this means that the T-lattice Mq of rank 3 generated by Pi,P a ,Pb, Pab is 
isomorphic to J r := Z[r]/Z. By TheoremESl we have LQ 2 (r, Mq) = Z/2Z. 

For any x choose an element u K G and set U' H = f7 x \ {u^}. We set 
5' = [/{ U C/2 U C/3. It follows from (|9.6p that the abelian group generated by 
the sets {e s \ s £ S'} and {Pi, Pa, Pb, Pab} contains Pi and all e s for s E S, 
hence it coincides with M. In other words, the set {Pi, Pa, Pb}U{e s | s € S'} 
of \S\ elements generates our lattice M, and hence it is a basis of M. The 
group T acts on e s by ±1. We see that the T-lattice M is a direct sum of 
Mq and a number of one-dimensional T-lattices. It follows that 

ni 2 (r,M) = in 2 (r,M ) = z/2Z, 

and therefore M is not a quasi-invertible VF-lattice. □ 

Proposition 9.4. Let M = {(ai, 02, 03) E Z 3 j ai + 02 + 03 = (mod 2)} 
6e f/ie := (Z/2Z) 3 -lattice with the action of (Z/2Z) 3 on M C Z 3 coming 
from the non-trivial action o/Z/2Z on Z. Then M is not quasi-invertible. 

Proof. Let si,£2,E3 be the standard basis of Z 3 . For i = 1, 2, 3 let q G 
denote the automorphism of M taking £j to — Ej and taking each of the 
other two £j to itself. Set a = C2C3, r = c\c%, p = C1C2C3. We consider the 
following basis of M: 



e\ = £2 - £1, e 2 = £2 - £3, e 3 = -e\ - e 3 . 
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A direct calculation shows that in this new basis {ei, e2, e 3 }, the generators 
a, t, p of W are given by the following matrices: 

/ 1 \ / —1 —1 —1 \ / -1 \ 

a= -1 -1 -1 , r= 1 , p= 0-1 
\ 1 / \ 1 J \ -1 / 

By |Kul Theorem 1, case W2], our VF-lattice M is not quasi-permutation. 
Moreover, the pair (W, M) is isomorphic to (W2,M$), where M 3 is the non- 
quasi-invertible W2-lattice mentioned at the beginning of the proof of Propo- 
sition [921 Therefore, M is not quasi-invertible. □ 

9.5. Let ZD 3 denote the root lattice of D3 with basis 

£l+£2, El" £2, £2 — £3- 

Let m > 2. We consider (ZD 3 ) m C (QD 3 ) m , where QD 3 = ZD 3 ® z Q. Let 
L C (QD 3 ) m be the lattice generated by (ZD 3 ) m and the vector 

V\ := E\ + £4 + £7 H h £3m-2- 

The group VK(D 3 ) m acts on L. 

Proposition 9.6. For m > 2, the W(D 3 ) m -lattice L of §9.5\ is not quasi- 
invertible. 

Proof. We consider the subgroup T C W(D3) m of order 4, generated by two 
commuting elements of order 2: 

a =(12) C4C5 c 7 c 8 . . . c 3m _ 2 c 3m -i, 
6 =cic 2 (45). 

Here q takes £j to -£». Thus T = (a,b) C W(D 3 ) m . We show that 
LU 2 (r,L) = Z/2Z. 

Indeed, let 1/ = (QD 3 ) m with the basis £1, . . . ,£ 3m - Let Vq be the sub- 
space of V generated by 

£l,£2, £4, £5i • • • , £3m-2, £3m-l- 

It is T-invariant. Set Lq = L n Vq- Clearly L/Lq injects into V/Vq. Since T 
acts trivially on V/Vq, we see that L/Lq = Z m with trivial T-action. Thus 
we have a short exact sequence of T-lattices 

-> L -> L -> Z m -> 0. 

Since Z m is a permutation T-lattice, we see that 

LU 2 (r,L) ^ ui 2 (r,L ). 

We prove that LU 2 (r, L ) = Z/2Z. 

For s S r we set u s = s • v\ . If m > 2 we set 

(5 = £7 + £10 H + £3m-2- 
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If m = 2 we set 5 = 0. We obtain 

vi = ei + £ 4 + 5, 

V a = £2 - £4 - <5, 

Vb = -£i + e 5 + 5, 

Vab = -£2 - £5 - <>• 

Clearly 

vi + v a + v b + v ab = 0. 

Set U = {v 1, v a , Vb, v a b), then U = Jr ■= Z[r]/Z, and by Theorem 18.61 we 
have ni 2 (r,C7) = Z/2Z. 

Set /3i = vi, /3 2 = v a , /?3 = Vb- We set 

Pa = £4 — £5 ! 
= £7 + £s, 

/?6 = £7 — £8) 



ftm-1 = £3m-2 + £3m-l, 
/32m = £3m-2 — £3m-l- 

By Lemma [9.71 below, the set f3 := . . . ,P2 m } is a basis of Lq. We 
have f7 = {Pi, P2, $3). Our T-lattice Lq decomposes into a direct sum of 
T-sublattices 

L = [7e(/3 4 }©...e(/3 2m ). 

For 4 < i < 2m the T-lattice {Pi) is of rank 1, hence quasi-permutation, 
and therefore IH 2 (r, (ft)) = 0. It follows that IH 2 (r,L ) = UI 2 (T,U) = 
Z/2Z, hence III 2 (r,L) = Z/2Z. Thus L is not quasi-invertible. □ 

Lemma 9.7. The set (3 := {Pi, . . . ,/?2m} is a basis of Lq. 

Proof. First note that (3 C Lq. Since the set (3 has 2m elements and the 
lattice Lq is of rank 2m, it suffices to show that (3 generates Lq. 

Recall that Lq = L Pi Vq and that L is generated by (ZD 3 ) m and ui. 
Since v\ G Vo, we see that Lq is generated by v\ and (ZD 3 ) m n Vq. Since 
ui = ft € /3, it suffices to prove that (ZD 3 ) m nV C (fl). Clearly (ZD 3 ) m ny 
is generated by the vectors 

£l+£2,£l— £2, £4 + £5> £4 — £5; •••> £3m-2+£3m-l, £3m-2 — £3m-l- 

Note that all the vectors in this list starting £4 — £5 are contained in (3. It 
remains to show that the vectors £1 + £2 > £1 — £2, £4 + £5 are contained in 
{13). 

Note that 25 G (/3) (because 2e 7 G (/3), . . . , 2£ 3m _ 2 G (/3)). We have 
Pi + P2 = vi + v a = ei + £2, 
hence £1 + £2 G (/3). We have 

Pi + ^3 = Vi + Ufc = £4 + £5 + 25, 
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hence £4 + 65 € ((3). Since also £4 — £5 € (3 C (/3), we see that 2£4 G 
We have 

/3i - /3 2 = ui - v a = £1 - £ 2 + 2£ 4 + 25, 

hence £1 —£2 € (/3). We conclude that (ZD3) m nVb C ((3), hence (3 generates 
Lq and is a basis of Lq. This completes the proofs of Lemma 19,71 and of 
Proposition 19.61 □ 

9.8. Let ZA n _i denote the root lattice of A n _i, and A n denote the weight 
lattice of A n _ x . Let m > 2. We consider (ZA 2 ) m C (A 3 ) m . Let (ZA 2 ) W C 
Ag^ be the i th factor. Let cj^ , ^4 be the basis of consisting of funda- 
mental weights. 

Let a — (ai,...,a m ), where each ai equals 1 or 2. In particular, let 
l m = (1, . . . , 1). Let L a denote the (53) m -lattice generated by (ZA2) m and 
the vector 

m 

ECO 

i=l 

Proposition 9.9. Form > 2 and for any a as in Q9.81 (i.e., each ai equals 
1 or 2), the (S^)™ -lattice L a of §9.8\ is not quasi-invertible. 

Proof. First we note that L a is semi-isomorphic (see §8.3[) to Li m with re- 
spect to some automorphism of (S*3) m . Indeed, let a±,a2 be the standard 
basis of R = A2 (and of ZA2). Let 

1 1 

ui = g(2ai + "2), ^2 = -(«i + 2a 2 ) 

be the fundamental weights, this is the standard basis of A3. Let cJi,^ be 
their images in A3/ZA2 — Z/3Z (this isomorphism is not canonical). Since 

wi + 0J2 = ai + OL 2 € ZA 2 , 

we have uJi + Z02 = 0, hence ZJ2 = 2oj\. Thus the nontrivial automorphism a 
of the Dynkin diagram A2, acting on A3/ZA2, takes uJi to UJ2 = 2uJi. 

Now let a be as in g92J Write D = (A 2 ) m , D = D\ U • • • U D m . For 
each i = 1, ... ,m we define an automorphism Tj of Dj = A2. If = 1, 
we set Tj = id, while if at = 2, we set Tj = a,, where is the nontrivial 
automorphism of D{. Then the automorphism r = Tj of D = (A2) m acts 
on (A3)" 1 and takes L\ m to L a . We see that the (53) m -lattices L\ rn and L a 
are semi-isomorphic with respect to the induced automorphism r* of (S^)" 1 . 
Thus, in order to prove that the (S^^-lattice L a is not quasi-invertible, it 
suffices to show that L\ m is not quasi-invertible. 

Let a[\a^ be the standard basis of (ZA2)^- 1 . Let uj^^oj^ be the stan- 
dard basis of A3 ' . Then 



^ = ^(2««+4 l) ). 
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Let ax, ■ ■ ■ , a3m-i be the standard basis of ZA 3m _i. Let Ai, . . . , A 3m _i 
be the standard basis of A3 m . Then 

(9.7) Ai = ^(( 3m - - l)«i + ( 3m - 2 )"2 H h 2a 3m _ 2 + a 3m _i). 

We embed (ZA2) m into ZA 3m _i as follows: 

"l ^ «3(i-l)+l ) «2 ^ «3(i-l)+2 

(i.e., i ^ ai, i-> «2, c4 ^ «4, « 2 ^ «5, etc.). This embedding 
induces an embedding 

(QA 2 ) m QA 3m _i. 

Set 

Af = A 3m nV((QA 2 ) m ). 
We check that M = ip(Li m ). Indeed, A 3m is generated by ZA 3m _i and Ai, 
hence {ai, . . . , a 3m _i, Ai} is a generating set for A 3m . From (|9.7p we see 
that 

a3 m -i = 3mAi - (3m - l)a\ - (3m - 2)a 2 2a 3m _ 2 , 

hence the set {ai, . . . , a3 m -2, Ai} is a basis for A 3m . The set 

E := {01,02,04,05, • • • ,03(m-2)+l, a3(m-2)+2, a3(m-l)+l' a 3(m-l)+2} 

is contained in M. It is easy to see that 5 together with 
fx ■= m\ 1 - (m - l)a 3 - (m - 2)a 6 «3m-3 

= -((3m - l)ax + (3m - 2)q 2 + (3m - 4)a 4 + (3m - 5)a 5 H h 2a 3m _ 2 + «3m-i) 

is a basis for M. Now 

Li - (m- l)(ai + a 2 ) - (m - 2)(a 4 + a 5 ) l(a 3 ( m -2)+l + "3(^-2)4-2) 

= ^(( 2 «i + 02) + (2«4 + a 5 ) H h (2a 3(m _ 1)+1 + a 3 ( m -i) +2 )) 

= ^J 1) +a;i 2 ) + --- + a;J" l) ). 

We see that M is generated by ^((ZA 2 ) m and ^(wf } + w} 2) + • • • + 
hence M = ifj(Li m ), thus M is isomorphic to L\ m . Therefore, it suffices to 
prove that M is not quasi-invertible. 

On the other hand, A 3m /M injects into the Q- vector space QA3 m „i/^((QA2) m ) 
with basis 03, oq, . . . , Q! 3 ( m _i) on which (S^)™ acts trivially. Thus we obtain 
a short exact sequence 

-»• M ->• A 3m -> Z" 1 " 1 -»• 0, 

where Z m_1 is a trivial, hence permutation, (S < 3) m -lattice. It follows that 
the (S , 3) m -lattices M and A3 m are equivalent, and therefore it suffices to 
show that A3 m is not a quasi-invertible (S^^-lattice. 

Now we embed S3 x S3 into (S^)™ 1 as follows: (s, t) £ S3 x S3 maps to 
(s,t,...,t) G (S^)" 1 . With the notation of (LPRl (6.4)] we have A 3m = 
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Q3m(l). By jLPRj Proposition 7.1], with respect to the above embedding 
S 3 x S 3 ^ (S 3 ) m , we have 

<33m(l)|s 3 xS 3 ~ A 6 |s 3 xS 3 - 

By [LPR[ Proposition 7.4(b)], Ag is not a quasi-permutation 53 x ^-lattice, 
and it is actually proved there that Aq is not a quasi-invertible S3 x ^-lattice 
although III 2 (r / , Ag) = for every subgroup V of S3 x 53. Thus A3 m is not 
a quasi-invertible S3 x S^-lattice, hence it is not a quasi-invertible (S^)™- 
lattice. Thus L\ m is not a quasi-invertible (S , 3) m -lattice, and therefore L a 
is not a quasi-invertible (5 , 3) m -lattice for any a as in £ )9.81 This completes 
the proof of Proposition 19.91 □ 



10. Standard subgroups 

10.1. Let ei, . . . ,e m be the standard Z/nZ-basis of (Z/nZ) m . We say that 
a subgroup S C (Z/nZ) m is standard if S is generated by niei, . . . , n r e r for 
some 1 < r < m and some integers n\, . . . ,n r , where nj divides nj + i for 
i = 1, . . . , r — 1. 

Let If be a finite group, P be a PFTattice, and A: P — >■ Z/nZ be a 
surjective morphism of VK-modules, where W acts trivially on Z/nZ. Given 
a subgroup 5 of (Z/nZ) m , let P™ denote the preimage of S 1 in P m with 
respect to the homomorphism A m : P m — > (Z/nZ) m . We regard P™ as a 
VF-submodule of P m , where W acts diagonally on P m . 



Lemma 10.2. Let W , P, n and A be as in §10.11 For every subgroup S C 
(Z/nZ) m i/zere exists a standard subgroup S B t C (Z/nZ) m wit/i the following 
property: there exist an isomorphism gp : Pg 1 — > P™ of W -modules and an 
automorphism g of (Z/nZ) m taking S to S s t such that the following diagram 
commutes: 



pm 



9P 



P, 



, q X 



(Z/nZ)' 
9 

(Z/nZ)' 



Proof. The homomorphism A m : P m — )• (Z/nZ) m can be written as 

A m = A <g>z id : P (g>z Z m Z/nZ <g> z Z m . 

Since the diagram 



P <8>Z U 



\A P ®g 



P 



Acgiidgm 



Z/nZ ® z Z m 
Z/nZ ®i Z m 



commutes, we see that the group GL m (Z) = Aut(Z m ) acts compatibly on 
the source and the target of the homomorphism A m = Acg>zZ m . It suffices to 
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show that for every subgroup S C (Z/nZ) m there exists g 6 GL m (Z) such 
that g(S) is standard. 

Let 7r: Z m — > (Z/nZ) m be the natural projection. Then tt~ 1 (S) is a 
finite index subgroup of Z m . There exist a basis b±, . . . ,b m of Z m and in- 
tegers Tii | ri2 | . . . I n m , such that ni&i, . . . ,n m b m form a basis of ir^ 1 (S); 
cf. |La} Theorem III. 7. 8]. Now let g 6 GL m (Z) be the element that takes 
the basis b\,...,b m to the standard basis of Z m . Then g(7r" 1 (5)) is the 
subgroup n{L x • • • x n m Z of Z m and thus 5 st := g(S) = (nxex, . . . n m e m ) = 
(niei, . . . , n r e r ) is standard, where r < m is the largest integer such that n 
does not divide n r . □ 

Set Q = ker A C P. For a subgroup Si C Z/nZ we set Pi = X~ 1 (Sx), 
then Q CP^CP. 

Corollary 10.3. With the notation of §10. 1\ assume that S is cyclic. Then 

p™ ^ p^ e q™- 1 

for some subgroup S\ C Z/nZ isomorphic to S. 

Proof. By Lemma 110.21 we have Pep = Pa 1 . Since S is cyclic, say of order 
s, the group S s t is generated by {n/s)e\. Set S\ = {{n/s)e\) C Z/nZ, then 
clearly 

and the corollary follows. □ 

Corollary 10.4. With the notation of §10. il assume that S contains an 
element of order n. Then Pa 1 has a direct summand isomorphic to P. 

Proof. By Lemma [10. 2 1 PJP is isomorphic to P™ for some standard subgroup 
S s t C (Z/nZ) m . From the definition of a standard subgroup we see that 

where Si C Z/nZ is generated by n^ei (for i > r we take rii = 0). Since 5 s t 
contains an element of order n, we see that ni = 1, hence Si is generated 
by ex, i.e., 5i = Z/nZ and Pi = P. Thus Pep has a direct summand 
isomorphic to P. □ 

11. Coordinate and almost coordinate subspaces 

In this section we will collect several elementary results from combina- 
torial linear algebra, which will be needed to complete the proof of Theo- 
rem EH 

Let F be a field, F m be an m-dimensional P-vector space equipped with 
the standard basis e\ = (1, 0, . . . , 0), . . . , e m = (0, . . . , 0, 1). 

Recall that the Hamming weight of a vector v = (ax, ■ ■ ■ ,a m ) £ F m is 
defined as the number of non-zero elements among ax, ... , a m . We will say 
v G F m is defective if its Hamming weight is < m or, equivalently, if at least 
one of its coordinates is 0. The following lemma is well known; a variant of it 
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is used to construct the standard open cover of the Grassmannian Gr(m, d) 
by d(m — (i)-dimensional affine spaces, see, e.g., |GHl §1.5]. For the sake of 
completeness, we supply a short proof. 

Lemma 11.1. Let V be a vector subspace of F m of dimension d>2. Then 
V has a basis consisting of defective vectors. 

Proof. Let A be an m x d matrix whose columns form a basis of V. Then 

V = {Aw \ w£F d }. 

Note that for any invertible d x d matrix B, the columns of AB will also 
form a basis of V. Since the columns of A are linearly independent, A has a 
nondegenerate d x d submatrix M. Let B = M . Then the m x d matrix 
AB has a d x d identity submatrix. Since d > 2, this implies that every 
column of AB is defective. The columns of AB thus give us a desired basis 
of defective vectors for V . □ 

Definition 11.2. We will say that V is a coordinate subspace if V has a basis 
of coordinate vectors e^, . . . , ej d , for some I = {«i,...,i<i} C {l,...,m}. 
We will denote such a subspace by Fj. 

Lemma 11.3. Let V C F m be an F -subspace. Suppose V C\Fi is coordinate 
for every L C {1, . . . , m}, then either 

• V is the 1- dimensional subspace spanned by a vector a = (ai, . . . , a m ), 
where a\ ^ 0, . . . , a m / 0, or 

• V is coordinate. 

Proof. Assume that V is not of the form Spanp (oj, . . . , o m ), where ai ^ 
0, . . . , a m ^ 0. Then V has a basis of defective vectors. Indeed, if dim(V) = 
1 this is obvious, since every vector in V is defective. The case where 
dim(V) > 2 is covered by Lemma lll.li 

Clearly v € F m is defective if and only if v G Fj for some I C {1, . . . , m}. 
Thus V is spanned by V PI Fj, as I ranges over the proper subsets of 
{1, . . . ,m}. By our assumption, each V n Fj is coordinate and therefore 
is spanned by coordinate vectors. We conclude that V itself is spanned by 
coordinate vectors, i.e., is coordinate, as desired. □ 

Definition 11.4. We will say that V C F m is almost coordinate if V has a 
basis of the form 

(11.1) , . . • , ej r , + e/^ , . . . , ej a + e/ ls , 

where «i, . . . , i r , j%, . . . ,j s , hi, . . . , h s are distinct integers between 1 and m. 
We will refer to such a basis as an almost coordinate basis of V. 

Remark 11.5. An almost coordinate subspace V C F m has a unique almost 
coordinate basis. In other words, the set of integers {ii, . . . , i r } and the set 
of unordered pairs {{ji, hi},... , {j s , h s }} in (jll.ip are uniquely determined 
by V. 
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Indeed, {ii, . . . , i r } is the set of subscripts i £ {1, . . . , m} such that the 
coordinate vector e» lies in V. The set {{ji, hi}, {j'2, ^2}, • • • , {js, h s }} is then 
the set of unordered pairs {j, h} such that j, h £ {i\ , . . . , i r } and ej + E V. 

Proposition 11.6. Let F = Z/2Z, and Zei V C F m 6e an F-subspace for 
some m > 4. Assume VPiFj is almost coordinate in Fj = (Z/2Z) r /or every 
I = {ii, . . . , i r } C {1, . . . , m}. Then either 

• V is the 1- dimensional subspace spanned by (1, . . . , 1), or 

• V is almost coordinate. 

Proof. Assume that V is not of the form Span^ (1, . . . , 1). Then, once again, 
Lemma fl 1 . 1 1 tells us that V has a basis of defective vectors, i.e., V is spanned 
by VnFj, as I ranges over the proper subsets of {1, ... , m}. By our assump- 
tion, each V D Fj is almost coordinate and therefore is spanned by vectors 
of Hamming weight 1 or 2. We conclude that V itself is spanned by vectors 
of weight 1 or 2. Choose a spanning set of the form 

(11.2) e{ 1 , . . . , ei r , ej 1 + e^ , . . . , ej a + ey la 

of minimal total Hamming weight, i.e., with minimal value of r + 2s. Here 

ii, . . .,i r ,ji, h, . . .,js, h s G {1, . . . ,m} 

and ji ^ hi , . . . , j s 7^ h s . We claim that (|ll,2j) is an almost coordinate basis 
of V, i.e., that the subscripts 

(11.3) h, . . . ,i r ,ji, ■ ■ -,js, hi,...,h s 

are all distinct. Clearly, Proposition 111.61 follows from this claim. 

It thus remains to prove the claim. The minimality of the total Hamming 
weight of our spanning set (jll.2p implies that we cannot remove any vec- 
tors, i.e., that it is a basis of V . In particular, the subscripts . . ,i r and 
the pairs (ji, hi), . . . , (j s , h s ) are distinct. If there is an overlap among the 
subscripts (|11.3p . then, after permuting coordinates, we have either %i = ji 
or Ji = J2- We will now show that neither of these equalities can occur. 

If h = ji then we may replace ej 1 + e/ ll by 

e hi = (fin + e hi) ~ e h ^ V ■ 

We will obtain a new spanning set consisting of vectors of weight 1 or 2 with 
smaller total weight, a contradiction. 

Now suppose ji = j'2. Denote this number by j. Then V PI F^j hl h2 y 
contains the vectors 

(11.4) ej + e/jj and ej + e/j 2 S V. 

Since we are assuming that m > 4, {j,hi,h2} $i {1, ■ ■ ■ ,m} and hence, 
V fl F{j hl h2 } is almost coordinate. The subspace in Ffj^hs} generated by 
the two vectors (lll.4j) is cut by the linear equation 



Xj + x hl + x h2 = 
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and clearly is not almost coordinate. It follows that VnFu^^y = Fu^^x, 
hence V contains all three of the coordinate vectors ej , e^ and eh 2 ■ Replac- 
ing ej + eh x and ej + eh 2 by ej, and eh 2 in our spanning set, we reduce 
the total weight by one, a contradiction. This completes the proof of the 
claim and thus of Proposition 111.61 □ 

12. Coordinate subspaces and quasi-permutation lattices 

Proposition 12.1. Let W be a finite group, M be a W -lattice and let 
A: M — > F := TLjpTL be a surjective morphism of W -modules, where p is 
a prime and W acts trivially on F. For any m > 1, and an F-subspace 
S C V := F m , let M™ be the preimage of S C F m under the projection 
X m :M m ^F m . 
Assume that 

(a) M is a quasi-permutation W -lattice; 

(b) the W m -lattice is not quasi-permutation for any 1-dimensional 
subspace S\ of F m of the form Si = Spanp{(ai, . . . , a n )}, where 
ai ^ 0, . . . ,a m ^ 0. 

Then, given a subspace S C F m , M? is a quasi-permutation W m -lattice if 
and only if S is coordinate. 

The following notation will be helpful in the proof of Proposition 112.11 and 
in the subsequent sections. 

Definition 12.2. Let W be a finite group, M be a VK-module and m be a 
positive integer. Given a subset I C {1, ... ,m}, we define the "coordinate 
subgroup" Wi C as 

Wi := {(wi,...,w m ) | tuj = 1 if £ £ I}. 

We will also define the Wj-submodule Mj of M m as 

Mi := {(oi, . . . , am) e M m \ a* = if i /}. 

We shorten W {i} , M {i} to Wi, Mi. 

Proof of Proposition 112.11 The "if" assertion is clear. We will prove "only 
if" by induction on m. In the base case, m = 1, every subspace of V is 
coordinate, so there is nothing to prove. 

For the induction step, assume that m > 2 and that our assertion has 
been established for all m' < m. Suppose that for some subspace S C F m 
the lattice M™ is quasi-permutation. We want to show that S is coordinate. 

Since M™ is quasi-permutation, Lemma 12.41 tells us that M™ n M/ is a 
quasi-permutation W/-lattice for every I C {1, ... ,m} (cf. Definition 112.21 
above). But M™ nM/ = M^ F/ , and so by the induction hypothesis SnFi 
is a coordinate subspace in Fi (and hence, in F m ). 

Now Lemma 111.31 tells us that either S is a 1-dimensional subspace of 
F m which does not lie in any coordinate hyperplane or S is a coordinate 
subspace in F m . Our assumption (ii) rules out the first possibility. Hence, 
5 is a coordinate subspace of F m , as claimed. □ 
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13. Proof of Theorem 17.11 for H of types A n _i, n > 5, B„ (n > 3) 

and D n (n > 4) 

13.1. Let R be an irreducible reduced root system. We denote by Q = Q(R) 
the root lattice of R and by P = P(R) the weight lattice of R, both lattices 
regarded as W := W(i?)-lattices. Given a positive integer m and a subset 
/ C {1, . . . ,m}, we define Wj C W m , and the W/-modules Qi, Pi, etc., as 
in Definition 112.21 The base field k is assumed to be algebraically closed of 
characteristic zero. 

Theorem 13.2. Let G = (SL n ) m /C, where n > 5 and C is a subgroup of 
(/x n ) m = Z(SL^). T/ien i/ie following conditions are equivalent: 

(a) G is Cayley, 

(b) G is stably Cayley, 

(c) t/ie character lattice X(G) is quasi-permutation, 

(d) L = Q m , 

(e) Cr is isomorphic to (PGL n ) m . 

Proof, (a) (b) is obvious. 

(b) =^ (c) follows from [LPRl Thm. 1.27]. 

(d) (e): clear. 

(e) (a): clear, because the group PGL n is Cayley, sec [LPR, Thm. 1.31], 
and a product of Cayley groups is obviously Cayley. 

The implication (c) ==^ (d) follows from the next proposition. □ 

Proposition 13.3. Let R = A n _i, where n > 5. Let F = P/Q = Z/nZ. 
Let L be an intermediate W m -lattice between Q m and P m . If L is quasi- 
permutation, then L = Q m . 

Proof. We proceed by induction on m. The base case, m = 1, follows 
from [LPRt Prop. 5.1]. For the induction step, assume that the proposition 
holds for m — 1 > 1. We show that it also holds for m. 

We set I = {2, ... , m} C {1, 2, . . . , m}. By Lemma |2~H L n Pi is a quasi- 
permutation W/-lattice. By the induction hypothesis, L n Pj = Qi. Set 
S = L/Q m C F m , then S n i 7 / = 0. It follows that the canonical projection 
S — > Fx is injective. As -F = Z/nZ, we have S 1 = Z/cZZ for some divisor d of 
n. 

In the notation of ^10.11 L = as a W-lattice (where acts on P m 
diagonally). By Corollary 110.31 

(13.1) L = L\® Q m ~ x , 

where Q\ C L\ C P\. Clearly Q m ~ l is quasi-permutation as a W-lattice 
because so is Q = ker[Z[5 n /S' n _i] — > Z]. By assumption, L is a quasi- 
permutation W m -lattice, hence it is quasi-permutation as a W-lattice. Since 
L and Q m ~ 1 are quasi-permutation W-lattices, then from (113.ip . we see that 
L\ ~ L\ ® Q m 1 = L ~ so that Li is a quasi-permutation W-lattice. By 
[LTRl Prop. 5.1] it follows that L x = Qi, hence 5 = 0, and Pg 1 = Q m . Thus 
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L = Q m , which proves (d) for m and completes the proofs of Proposition 
ELS and Theorem MM □ 

13.4. Let n > 7 and R be the root system of Spin n (of type B( n _ 1 w 2 for n 
odd or of type D n / 2 for n even) and M be the character lattice of SO n . If n 
is odd, the M = Q; if n is even, then QCMCP. Set F := P/M ^ Z/2Z. 

Theorem 13.5. Let G = (Spin n ) m /C, where n > 7, and C is a central 
subgroup o/(Spin n ) m . Then the following conditions are equivalent: 

(a) G is Cayley, 

(b) G is stably Cayley, 

(c) the character lattice X{G) of G is quasi-permutation, 

(d) X{G) = M m , where M = X(SO n ), 

(e) G is isomorphic to (SO n ) m . 

Proof. Only (c) =>■ (d) needs to be proved; the other implications are easy. 

Assume (c), i.e., X(G) is a quasi-permutation iy m -lattice. Clearly Q m C 
X(G) C P m . We claim that X(G) D M m . If n is odd this is obvious, 
because M m = Q m . If n is even then by Lemma 12.41 X(G) D P% is a quasi- 
permutation Wj-lattice. Now by \LPR\ Thm. 1.28] we have L n Pj = Mj. 
Thus X(G) D Mi ■ ■ ■ M m = M m , as claimed. 

We will now show that X(G) = M m . Assume the contrary. Consider the 
surjection A: P -> P/M ^ Z/2Z. Set 5 = X(G)/M m C (Z/2Z) m , then 
5^0. In the notations of Lemma MM we have X(G) = Pg 1 . Since 5^0, 
by Corollary 110.41 X(G) has a direct VF-summand isomorphic to P. By 
Proposition 19.21 P is not quasi- invertible, hence X(G) is not quasi-invertible 
as a T^-lattice. It follows that X(G) is not a quasi-invertible W m -lattice, 
which contradicts (c). This contradiction shows that X(G) = M m , which 
proves (d). 

Alternatively, we can proceed, as in the proof of Proposition ll3.3l to prove 
by induction that X(G) = M m using Corollary 110.31 Here we make use of 
the fact that by Proposition 19.21 P is not quasi-permutation. □ 

Remark 13.6. Proposition 113.31 cannot be proved by an argument analogous 
to the first proof of Theorem 113.51 Indeed, the first proof of Theorem 113.51 
relies on the fact that X(Spin n ) is not quasi-invertible for n > 7 (see Propo- 
sition E2J). On the other hand, X(SL n) is quasi-invertible whenever n is a 
prime; see [CS2} Prop. 9.1 and Rem. 9.3]. 

14. Proof of Theorem 17. II for H of type Ai = Bi = Ci 

We will continue to use the notations of §13.11 Let R = A±. Set F = 
Q/P = Z/2Z. 

Let G = (SL 2 ) m /C7, where C is a subgroup of Z((SL 2 ) m ) = (^ 2 ) m - 
Clearly Q m C X(G) C P m , and S := X(G)/Q m C F m = (Z/2Z) m is the 
orthogonal complement of C C (/x 2 ) m '. Note that F m = (Z/2Z) m is the 
character group of (fJ,2) m - 
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Theorem 14.1. Let G = (SL 2 ) m /C, where C is a subgroup o/Z((SL 2 ) m ) = 
{H2) m ■ Then the following conditions are equivalent: 

(a) G is Cayley, 

(b) G is stably Cayley, 

(c) the character lattice X(G) is a quasi-permutation W m -lattice, 

(d) S := X(G)/Q m is an almost coordinate subspace of F m = (Z/2Z) m ; 

(e) G decomposes into a direct product of normal subgroups G\ x & • • • x /% G s , 
where each G{ is isomorphic to either SL2, PGL2 or SO4. 

Remark 14.2. The set of normal subgroups G\, . . . , G s in part (e) is uniquely 
determined by G; see Remark lll.51 

Proof of Theorem 114.11 Only the implication (c) ==> (d) needs to be proved; 
all the other implications are easy. The implication (c) ==> (d) follows from 
the next proposition. □ 

Proposition 14.3. Let R = Ai and L be an intermediate W -lattice between 
Q m and P m , i.e., Q m C L C P m . Write S = L/Q m C F m = (Z/2Z) m . 
Then L is quasi-permutation if and only if S is almost coordinate. 

Proof. The "if assertion follows easily from Lemmas 12.61 and 12.51 To prove 
the "only if" assertion, we begin by considering three special cases which 
will be of particular interest to us. 

Case 1: m < 2. Here every subspace of (Z/2Z) m is almost coordinate, 
and condition (d) holds automatically. 

Case 2: S is the line (l m ) = {0, l m } C (Z/2Z) m , where l m = {1, . . . , 1}. 

This S = (lm) is n °t almost coordinate for any m > 3. Thus we need 
to show that (c) does not hold, i.e., the lattice L = PJ^ , is not quasi- 
permutation. This lattice is isomorphic to the lattice M described in §9.1} 
in the case, where A is the disjoint union of m copies of Bi (or equivalently, 
of Ai) for m > 3. By Proposition E2 for m > 3 the lattice M ~ L = PR\, 
is not quasi-invertible, hence not quasi-permutation, as claimed. 

Case 3: m = 3. There are two subspaces S of (Z/2Z) 3 that are not 
almost coordinate: (i) the line (I3) and (ii) the 2-dimensional subspace cut 
out by x\ + %i + X3 = 0. Once again we need to show that in both of these 
cases L is not quasi-permutation. 

Case (i) is covered by Case 2 (with m = 3). If S is as in (ii), then L is 
isomorphic to the lattice M defined in the statement of Proposition 19.41 By 
this proposition, L is not quasi-invertible, hence not quasi-permutation, as 
claimed. 

We now proceed with the proof of the proposition by induction on m > 1 . 
The base case, where m < 3, is covered by Cases 1 and 3 above. For 
the induction step assume that m > 4 and that the proposition has been 
established for all m! < m — 1. 

Suppose for some subspace S = L/Q m C (Z/2Z) m we know that L = P™ 
is quasi-permutation. Our goal is to show that S is almost coordinate. 
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Since L is quasi-permutation, by Lemma 12.41 we conclude that L D Pi 
is a quasi-permutation W/-lattice for every I = {ii, . . . ,i r } C {1, . . . , m}. 
By the induction hypothesis (L n Pi)/Qi = S D Fj is an almost coordinate 
subspace in Fj = (Z/2Z) r . 

Now Proposition 111.61 tells us that S is either the line (l m ), or almost 
coordinate. If S is the line (l m ), then L is not quasi-permutation by Case 2, 
contradicting our assumption. Thus S is almost coordinate, which completes 
the proofs of Proposition 114.31 and Theorem 114.11 □ 

15. Proof of Theorem 17.11 for H of types A 2 , B 2 = C 2 , and 

A 3 = D 3 

15.1. R = A 2 . Once again, we will continue to use the notations of §13.11 
Set F := P/Q ~ Z/3Z. 

Theorem 15.1. Let G = (SL3)" 1 jC , where C is a subgroup of (^3)™ = 
Z((SL3) m ). Then the following conditions are equivalent: 

(a) G is Cayley, 

(b) G is stably Cayley, 

(c) the character lattice X(G) is a quasi-permutation W m -lattice, 

(d) S := X(G)/Q m is a coordinate subspace of F m ~ (Z/3Z) m , 

(e) G decomposes into a direct product of normal subgroups G\ X ^ • • • X k G s , 
where each Gi is isomorphic to either SL3 or PGL3. 

Proof. Only the implication (c) (d) needs to be proved; the other im- 
plications are easy. 

Clearly Q m C X(G) C P m ; assume X(G) is quasi-permutation. The 
Fy-lattices P and Q are quasi-permutation, see Theorem 11.41 If S is the 
1-dimensional subspace (a) spanned by a vector a = (ai, . . . , a TO ) such that 
a\ 7^ 0, . . . , a m 7^ 0, then from Proposition 19 . 91 it follows that X(G) = is 
not a quasi-permutation VK m -lattice, a contradiction. Now by Proposition 
112.11 X(G) = P™ is quasi-permutation if and only if S is coordinate. This 
shows that (c) ==> (d). □ 

15.2. R = B 2 = C 2 . Set F := P/Q = Z/2Z. 

Theorem 15.2. Let G = (Spin 5 ) m /C ; where C is a subgroup of (/i 2 ) m = 
ker[(Spin 5 ) m — >■ (SO5)" 1 ]. T/ien t/ie following conditions are equivalent: 

(a) G is Cayley, 

(b) G is stably Cayley, 

(c) t/ie character lattice X(G) is quasi-permutation, 

(d) 5 := X(G)/Q m is a coordinate subspace of F m = (Z/2Z)"\ 

(e) G decomposes into a direct product of normal subgroups G\ x /% ■ ■ ■ x ^ G s , 
where each Gi is isomorphic to either Spin 5 = Sp 4 or SO5. 

Proof. As in the proof of Theorem 115.11 we only need to establish the im- 
plication (c) =^ (d). We have Q m C X(G) C P m . The ^-lattices P and 
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Q are quasi-permutation, see Theorem 11.41 If S is the 1-dimensional sub- 
space (l m ) spanned by the vector l m = (1, . . . , 1) then by Proposition 19. 2( 
P^ i is not a quasi-invertible W m -lattice. Now by Proposition 112.11 the 
Ty m -lattice X(G) = Pa 1 is quasi-permutation if and only if S is coordinate, 
which completes the proof of the theorem. □ 

15.3. R = A 3 = D 3 . 

Theorem 15.3. Let G = (Spin 6 ) m /C", where C is a subgroup of (/m)" 1 = 
ker[(Spin 6 ) m (PSO e ) m ]. Clearly Q m C X(G) C P m , where P, Q and 
X(G) are the character lattices o/PSOe, Spin 6 andG, respectively. Then 
the following conditions are equivalent: 

(a) G is Cayley, 

(b) G is stably Cayley, 

(c) X(G) is quasi-permutation, 

(d) X(G) C 2P m and X{G)/Q m is a coordinate subspace of {2P/Q) m = 
(Z/2Z) m , 

(e) G decomposes into a direct product of normal subgroups G\ • • x^ G s , 
where each G{ is isomorphic to either SOq or PSOg = PGL4. 

Proof. Both SOe or PSOg = PGL4 are Cayley; see, e.g., Theorem 11.41 
Consequenty, (e) (a). Thus we only need to show that (c) => (d); the 
other implications are immediate. Assume that X(G) is quasi-permutation. 

First we claim that X(G) C 2P m . Indeed, assume the contrary. Then 
X(G)/Q m contains an element of order 4. By Corollary 1 10 . 41 the Ty m -lattice 
X(G) restricted to the diagonal subgroup W has a direct summand isomor- 
phic to the character lattice P of Spin 6 . By Proposition 19.21 the TV-lattice 
P is not quasi-invertible. We conclude that X(G) is not a quasi-invertible as 
a VF-lattice and hence not a quasi-invertible IV m -lattice, contradicting our 
assumption that X(G) is quasi-permutation. This proves the claim. 

As we mentioned above, SOe and PSC»6 are both Cayley. Hence, the W- 
lattices 2P and Q are quasi-permutation. If X(G)/Q m is the 1-dimensional 
subspace (l m ) spanned by the vector l m = (1, . . . , 1), then by Proposition 
19.61 X(G) is not a quasi-invertible W^-lattice, a contradiction. Now Propo- 
sition Md\ tells us that the iy m -lattice X(G)/Q m is coordinate in (2P/Q) m 
and (d) follows. □ 

This completes the proof of Theorem 17.11 

16. Proof of Theorem 11.51 

In this section we deduce Theorem 11.51 from Theorem 17.11 Clearly (b) 
implies (a), so we only need to show that (a) implies (b). 

Let G be a stably Cayley simple /c-group. Let A; be a fixed algebraic 
closure of k, and set G = G k, then G is a stably Cayley /c-group. Then 
by Theorem 17.11 G = G\ x j. ■ ■ ■ x ^ G s , where each Gi is either a stably 
Cayley simple group or isomorphic to SO4. If G is not of type Ai, then 
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each Gi is a simple group, and it follows that the decomposition into a direct 
product G = G\ x k G2 x^ • • • x^ G s is uniquely determined by G. If G is 
of type Ai, then by Remark 114.21 the decomposition into a direct product 
G = G\ X£ • • • x^Gs is again uniquely determined by G. The Galois group 
Gal(/c/fc) acts on G, hence it acts (transitively) on the set of direct factors 
{Gi}. Set G' = G 2 x- k ■ ■ ■ x- k G s , then G = G t x- k G'. Let / C k be the 
subfield corresponding to the stabilizer of G\ in Gal(/c//c), then G\ and G' 
are Gal(/c//)-invariant, and we obtain /-forms of these two /c-groups, which, 
by abuse of notation, we will again call G\ and G' . Then G = Rij k G\ and 
Gi = G\ X.\G' . Now, since G is stably Cayley over k, we see that Gi is stably 
Cayley over /. It follows from construction that G\ is either an absolutely 
simple group or an /-form of SO4. In the latter case G\ is an outer /-form 
of SO4 (otherwise G\ is not /-simple and G is not A:-simple). 

We wish to prove that G\ is stably Cayley over /. Note that G\ is a direct 
factor of G[. However, we cannot use [LPR, Lemma 4.7] in order to conclude 
that G\ is stably Cayley over /, because the proof of this lemma does not go 
through over non-closed fields. Instead, we use Theorem ll.4[ If G\ is stably 
Cayley over k, but is not stably Cayley over /, then, comparing Theorem 
11.41 and I. PR . Thm. 1.28], we see that Gi is an outer /-form of PGL2n for 
some even number In > 4. 

We show that if G\ is an outer /-form of PGL2 n for some even number 
2n > 4, then G := Ri/ k G\ is not stably Cayley over k. It suffices to prove 
that Gi = G\ X/ G' is not stably Cayley over /. Choose a maximal torus 
T = Ti x t T' ofGV SetT:=rx,jb = Ti x k T'. 

Let L\ := X(Ti) and V := X(T ) denote the corresponding character 
lattices, and let W\ and W be the corresponding Weyl groups. Choose 
a Borel subgroup B C G containing T. Let ^4^ denote the image of the 
Galois group Gal(fc/Z) in Aut(Li) x Aut(L') with respect to the *-action. 
By Theorem Ol it suffices to show that the (Wi x W') x A^-lattice L\@L' 
is not quasi-permutation. 

Denote by V\ the image of the group V := (W\ x W') x Ay in Aut(Li). 
Since G\ is an outer form over /, we see that V\ = Aut(A2 n _i). Note that the 
Aut(A 2ri ,_i)-lattice L\ is isomorphic to ZA 2n _i. In \CK\ §5.1] it was proved 
that there exist a subgroup T C Aut(A2 n -i) isomorphic to Z/2Z x Z/2Z 
and a direct summand M of the T-lattice ZA2 n -i isomorphic to Jr. Let 
A C V = (Wi x W') x Am be the preimage of T C Aut(A 2n _i) = V\. By 
Corollary 18 .7^ we have ILI 2 (A,M) 7^ 0, and therefore M is not a quasi- 
invertible A-lattice. It follows that L\ is not a quasi-invertible A-lattice, 
hence L\ is not a quasi-invertible (W\ x W) x ^4^-lattice, hence L\ © L' 
is not a quasi-permutation (Wi x W) x A^-lattice. Thus by Theorem 11.31 
Gi is not stably Cayley over /, and therefore G is not stably Cayley over k. 
This completes the proof of Theorem 11.51 □ 
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